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What it is

Why it is our best notion of classical-explainability

How to study it (systematically!)

2



We all believe that quantum theory is weird and can’t be explained 

by “any classical theory”. 

But what is the rigorous proof of this? 

What particular phenomena resist classical explanations? 

In what rigorous sense?

We need a principled way of dividing phenomena into those which 

can be “explained classically”, and those which are rigorous proofs 

of nonclassicality.
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What we want in a notion of 

nonclassicality

Subject to 
direct 

experimental 
test

Applicable to a 
broad range of 

physical 
scenarios

Constitutes a 
resource
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What we want in a notion of 

nonclassicality

Subject to 
direct 

experimental 
test

Applicable to a 
broad range of 

physical 
scenarios
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Nonlocality
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What is needed to witness nonlocality

What is needed to witness contextuality

particular causal structure
two or more systems
entanglement
incompatible mmts
freedom of choice
highly efficient detectors
space-like separation

none of the above are needed
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What we want in a notion of 

nonclassicality

Subject to 
direct 

experimental 
test

Applicable to a 
broad range of 

physical 
scenarios

Constitutes a 
resource

Nonlocality

Contextuality
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computation
communication
cryptography

metrology
cloning
state discrimination



Don’t need:
any particular causal structure
multiple systems
entanglement
incompatible measurements
freedom of choice
highly efficient detectors
space-like separation

Like in a Bell test, one doesn’t need:
validity of quantum theory
determinism
pure states
projective mmts

arxiv:1505.06244
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https://arxiv.org/abs/1505.06244


What we want in a notion of 

nonclassicality

Subject to 
direct 

experimental 
test

Applicable to a 
broad range of 

physical 
scenarios

Constitutes a 
resource

Nonlocality

Contextuality
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What we want in a notion of 

nonclassicality

Subject to 
direct 

experimental 
test

Applicable to a 
broad range of 

physical 
scenarios

Constitutes a 
resource

Nonlocality

Contextuality

Kochen-Specker
contextuality ? ~
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Noncontextuality
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Noncontextuality

Observed
facts

Hypothesized
explanations

arXiv:0406166
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https://arxiv.org/abs/quant-ph/0406166


Operational theory
Observed

facts operational procedure: 
detailed list of laboratory 

instructions

observed probabilities
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Ontological model of an operational theory

Operational theory
Observed

facts

Hypothesized
explanations
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Ontological model of an operational theory

Ontic state space

This is the set of physical attributes a system may possess
-position, momentum, mass, charge, color…

Outcomes of measurements just reveal something about these properties
ƛ causally mediates between P and M 

Operational theory
Observed

facts

Hypothesized
explanations
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Ontological model of an operational theory

Ontic state space

Operational theory
Observed

facts

Hypothesized
explanations

epistemic 

state

response 

functions
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arXiv:0706.2661

http://arxiv.org/abs/0706.2661


An ontological model of an operational theory is noncontextual
if

experimental procedures 

which always lead to the 

same observational data

identical 

representations

in the ontological model

arXiv:0406166
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https://arxiv.org/abs/quant-ph/0406166


Noncontextuality
for preparations
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P2

P4 P3

P6
P5

P1

M1

M5

M3

M10
M8

P9
P8

P7

M2

M6

M4

M7

M9

Operational equivalence

1 4

1 4
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P2

P4 P3

P6
P5

P1

P9
P8

P7

We can group the preparations into 

operational equivalence classes:
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P2

P4 P3

P6
P5

P1

P9
P8

P7

Difference of “context”

which don’t affect the observable statistics

0

1

+-

Quantum example
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P2

P4 P3

P6
P5

P1

P9
P8

P7

Different density operators

operational equivalence 
⟺

same density operator

Quantum example

22



P2

P4 P3

P6
P5

P1

P9
P8

P7

representation of each 

preparation does not depend on 

the context

Preparation noncontextual ontological model
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P2

P4 P3

P6
P5

P1

P9
P8

P7

Preparation contextual ontological model

representation of each 

preparation does depend on the 

context
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Preparation noncontextual 

model

PNC explains why two 
preparations are in the 

same equivalence class

Preparation contextual 

model

contextual models require a 
conspiratorial ‘fine-tuning’ of 

response functions 
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Five quantum 
states of a qubit

(a) A preparation 
noncontextual 
model of these 
(Spekkens toy 

theory)
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(a) (b)

(b) A preparation 
contextual 
model of these 

(Kochen-Specker 
model)



Noncontextuality
for measurements
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P2

P4 P3

P6
P5

P1

M1

M5

M3

M10
M8

P9
P8

P7

M2

M6

M4

M7

M9

Operational equivalence 

classes of measurements
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M1

M5

M3

M10
M8

M2

M6

M4

M7

M9

Difference of context
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M1

M5

M3

M10
M8

M2

M6

M4

M7

M9

|ψ1ñ

|ψ3ñ

|ψ2ñ
|ψ1ñ

|ψ’3ñ

|ψ’2ñ

Example from quantum theory
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M1

M5

M3

M10
M8

M2

M6

M4

M7

M9

Measurement 

noncontextual model
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M1

M5

M3

M10
M8

M2

M6

M4

M7

M9

Measurement contextual model
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Noncontextuality
for transformations
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(similarly)



noncontextuality

noncontextuality

Observed
facts

Hypothesized
explanations
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Can define a similar notion for any type of process (transformations, circuit fragments, etc)



An experiment/theory/phenomena is classically-explainable if you 

can reproduce the operational predictions in some NCOM.

Alternatively, if you can prove that no possible NCOM reproduces 

the operational predictions, then it is a proof of nonclassicality.
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This is a rigorous way of dividing phenomena into 

those which can be “explained classically”

and 

those which are rigorous proofs of nonclassicality:



Typical construction of a 
noncontextuality no-go theorem
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(explicit example in my third talk)



consider a specific circuit …and the states/effects/transformations on it

Find the operational equivalences these satisfy:

These imply constraints on any NC representation:

…which imply bounds on the observable data

<latexit sha1_base64="JqVHee0SUNTbw/JJ2OTfDOg+Qyk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BETxGNA9MljA76U2GzM4uM7NCWAL+gBcPinj1i7z5N04eB00saCiquunuChLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMYXk385iMqzWN5b0YJ+hHtSx5yRo2V7q67XrdYcsvuFGSZeHNSgjlq3eJXpxezNEJpmKBatz03MX5GleFM4LjQSTUmlA1pH9uWShqh9rPpqWNyYpUeCWNlSxoyVX9PZDTSehQFtjOiZqAXvYn4n9dOTXjpZ1wmqUHJZovCVBATk8nfpMcVMiNGllCmuL2VsAFVlBmbTsGG4C2+vEwaZ2WvUvZuz0vVh6dZHHk4gmM4BQ8uoAo3UIM6MOjDM7zCmyOcF+fd+Zi15px5hIfwB87nD+0fjgs=</latexit>

E1

<latexit sha1_base64="0q++VNbh/H51rGAAZ+HBLv3bdP4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY8BETxGNA9MljA76U2GzM4uM7NCWAL+gBcPinj1i7z5N04eB00saCiquunuChLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMYXk385iMqzWN5b0YJ+hHtSx5yRo2V7q67lW6x5JbdKcgy8eakBHPUusWvTi9maYTSMEG1bntuYvyMKsOZwHGhk2pMKBvSPrYtlTRC7WfTU8fkxCo9EsbKljRkqv6eyGik9SgKbGdEzUAvehPxP6+dmvDSz7hMUoOSzRaFqSAmJpO/SY8rZEaMLKFMcXsrYQOqKDM2nYINwVt8eZk0KmXvvOzdnpWqD0+zOPJwBMdwCh5cQBVuoAZ1YNCHZ3iFN0c4L8678zFrzTnzCA/hD5zPH+6jjgw=</latexit>

E2

<latexit sha1_base64="RzAY1YzQAXuszKmjsVqjMyjWW+Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMeACB4jmgcmS5id9CZDZmeXmVkhLAF/wIsHRbz6Rd78GyePgyYWNBRV3XR3BYng2rjut5NbWl5ZXcuvFzY2t7Z3irt7dR2nimGNxSJWzYBqFFxizXAjsJkopFEgsBEMrsZ+4xGV5rG8N8ME/Yj2JA85o8ZKd9ed006x5JbdCcgi8WakBDNUO8WvdjdmaYTSMEG1bnluYvyMKsOZwFGhnWpMKBvQHrYslTRC7WeTU0fkyCpdEsbKljRkov6eyGik9TAKbGdETV/Pe2PxP6+VmvDSz7hMUoOSTReFqSAmJuO/SZcrZEYMLaFMcXsrYX2qKDM2nYINwZt/eZHUT8reedm7PStVHp6mceThAA7hGDy4gArcQBVqwKAHz/AKb45wXpx352PamnNmEe7DHzifP/Anjg0=</latexit>

E3

<latexit sha1_base64="eKZwqBzB3ee/tSSQOyxsWnIYvAo="></latexit>

1

2
µ�(�) +

1

2
µ�̄(�) =

1

2
µ (�) +

1

2
µ ̄(�)

<latexit sha1_base64="AlZazpiwzzUMkUckK9SgTiGBK58=">AAAB+nicbZBLSwMxFIXv+Kz1NdWlm2ARKkiZEVGXBTduhAr2ge1QMmnahiaZIckoZVrwj7hxoYhbf4k7/43pY6GtBwIf59yQmxPGnGnjed/O0vLK6tp6ZiO7ubW9s+vm9qo6ShShFRLxSNVDrClnklYMM5zWY0WxCDmthf2rcV57oEqzSN6ZQUwDgbuSdRjBxlotN4fSphIoVqNCf1g+uTlGLTfvFb2J0CL4M8jDTOWW+9VsRyQRVBrCsdYN34tNkGJlGOF0lG0mmsaY9HGXNixKLKgO0snqI3RknTbqRMoeadDE/X0jxULrgQjtpMCmp+ezsflf1khM5zJImYwTQyWZPtRJODIRGveA2kxRYvjAAiaK2V0R6WGFibFtZW0J/vyXF6F6WvTPi/7tWb50/zStIwMHcAgF8OECSnANZagAgUd4hld4c4bOi/PufExHl5xZhfvwR87nD52Dk2k=</latexit>

pr(k|P,M)
<latexit sha1_base64="KZIePbp3q9lUgDSxI5kLssYCyhE=">AAACHXicbVDLSgMxFM34rPU16tJNsAgVSpmRoi4LbtwUKtgHdoYhk6ZtaDITk4xQxoLf4cZfceNCERduxL8xfYDaeuDCyTn3kntPKBhV2nG+rIXFpeWV1cxadn1jc2vb3tmtqziRmNRwzGLZDJEijEakpqlmpCkkQTxkpBH2z0d+45ZIRePoSg8E8TnqRrRDMdJGCuySpxIepNVCv1AZQg8x0UM/T5h6kkMhh/n+XbVQOYIeIzdQBnbOKTpjwHniTkkOTFEN7A+vHeOEk0hjhpRquY7QfoqkppiRYdZLFBEI91GXtAyNECfKT8fXDeGhUdqwE0tTkYZj9fdEirhSAx6aTo50T816I/E/r5Xozpmf0kgkmkR48lEnYVDHcBQVbFNJsGYDQxCW1OwKcQ9JhLUJNGtCcGdPnif146J7UnQvS7ny9f0kjgzYBwcgD1xwCsrgAlRBDWDwAJ7AC3i1Hq1n6816n7QuWNMI98AfWJ/f/oihFA==</latexit> X

P,k,M

↵P,k,M pr(k|P,M)  r

— noncontextuality inequalities!
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noncontextual 
polytope
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…which imply bounds on the observable data   — noncontextuality inequalities!

38



Observing data which violates any noncontextuality 
inequality is a proof of nonclassicality.

Such proofs don’t rely on the correctness of quantum theory

noncontextual 
polytope
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Observing data which violates any noncontextuality 
inequality is a proof of nonclassicality.

Such proofs don’t rely on the correctness of quantum theory

noncontextual 
polytope

quantum set
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Relationship with 

Kochen-Specker noncontextuality
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Kochen-Specker noncontextuality = MNC + outcome determinism 

(and it only applies to projective quantum measurements)

|ψ1ñ

|ψ3ñ

|ψ2ñ

42

0/1-valued!
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A given projector may appear in many different measurements

|ψ1ñ

|ψ3ñ

|ψ2ñ

|ψ1ñ

|ψ3’ñ

|ψ2’ñ

KSNC:
Every projector is associated with the same 
regardless of how it is measured (i.e. the context)
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<latexit sha1_base64="YQPwpjUmkiWoaVFlsSHD0KNcP4k=">AAAB+nicbVC7TsMwFL0pr1JeKYwsERWiLFUCCBgrWBiLRB9SE0WO67RWHSeyHaAK/RQWBhBi5UvY+BvcNgO0HMnS0Tn36F6fIGFUKtv+NgpLyyura8X10sbm1vaOWd5tyTgVmDRxzGLRCZAkjHLSVFQx0kkEQVHASDsYXk/89j0Rksb8To0S4kWoz2lIMVJa8s2y+0j97PRoXHWZTvXQsW9W7Jo9hbVInJxUIEfDN7/cXozTiHCFGZKy69iJ8jIkFMWMjEtuKkmC8BD1SVdTjiIivWx6+tg61ErPCmOhH1fWVP2dyFAk5SgK9GSE1EDOexPxP6+bqvDSyyhPUkU4ni0KU2ap2Jr0YPWoIFixkSYIC6pvtfAACYSVbqukS3Dmv7xIWic157zm3J5V6ld5HUXYhwOoggMXUIcbaEATMDzAM7zCm/FkvBjvxsdstGDkmT34A+PzBz2Fk1c=</latexit>

⇠30(�)

<latexit sha1_base64="6OoiPcJ6W8VcpSk52s8c4R2tt/Q=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyWRoi6LblxWsA9oYplMJu3QySTMTNQS+h9uXCji1n9x5984bbPQ1gMDh3Pu4d45fsKZ0rb9bRVWVtfWN4qbpa3tnd298v5BW8WpJLRFYh7Lro8V5UzQlmaa024iKY58Tjv+6Hrqdx6oVCwWd3qcUC/CA8FCRrA20r37xPpO1eUmEODTfrli1+wZ0DJxclKBHM1++csNYpJGVGjCsVI9x060l2GpGeF0UnJTRRNMRnhAe4YKHFHlZbOrJ+jEKAEKY2me0Gim/k5kOFJqHPlmMsJ6qBa9qfif10t1eOllTCSppoLMF4UpRzpG0wpQwCQlmo8NwUQycysiQywx0aaokinBWfzyMmmf1ZzzmnNbrzSu8jqKcATHUAUHLqABN9CEFhCQ8Ayv8GY9Wi/Wu/UxHy1YeeYQ/sD6/AGPZpHn</latexit>

⇠1(�)

<latexit sha1_base64="6OoiPcJ6W8VcpSk52s8c4R2tt/Q=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyWRoi6LblxWsA9oYplMJu3QySTMTNQS+h9uXCji1n9x5984bbPQ1gMDh3Pu4d45fsKZ0rb9bRVWVtfWN4qbpa3tnd298v5BW8WpJLRFYh7Lro8V5UzQlmaa024iKY58Tjv+6Hrqdx6oVCwWd3qcUC/CA8FCRrA20r37xPpO1eUmEODTfrli1+wZ0DJxclKBHM1++csNYpJGVGjCsVI9x060l2GpGeF0UnJTRRNMRnhAe4YKHFHlZbOrJ+jEKAEKY2me0Gim/k5kOFJqHPlmMsJ6qBa9qfif10t1eOllTCSppoLMF4UpRzpG0wpQwCQlmo8NwUQycysiQywx0aaokinBWfzyMmmf1ZzzmnNbrzSu8jqKcATHUAUHLqABN9CEFhCQ8Ayv8GY9Wi/Wu/UxHy1YeeYQ/sD6/AGPZpHn</latexit>

⇠1(�)
<latexit sha1_base64="8/n35oeeX095jiB86JRRCKqrM74=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyUpoi6LblxWsA9oYplMJu3QySTMTNQS+h9uXCji1n9x5984bbPQ1gMDh3Pu4d45fsKZ0rb9bRVWVtfWN4qbpa3tnd298v5BW8WpJLRFYh7Lro8V5UzQlmaa024iKY58Tjv+6Hrqdx6oVCwWd3qcUC/CA8FCRrA20r37xPr1qstNIMCn/XLFrtkzoGXi5KQCOZr98pcbxCSNqNCEY6V6jp1oL8NSM8LppOSmiiaYjPCA9gwVOKLKy2ZXT9CJUQIUxtI8odFM/Z3IcKTUOPLNZIT1UC16U/E/r5fq8NLLmEhSTQWZLwpTjnSMphWggElKNB8bgolk5lZEhlhiok1RJVOCs/jlZdKu15zzmnN7Vmlc5XUU4QiOoQoOXEADbqAJLSAg4Rle4c16tF6sd+tjPlqw8swh/IH1+QOQ85Ho</latexit>

⇠2(�)
<latexit sha1_base64="jYgDgatj0RmB2TqSG23kbDS93no=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiQq6rLoxmUF+4AmhMlk2g6dTMLMpFhC/8SNC0Xc+ifu/BunbRbaemDgcM493DsnTDlT2nG+rZXVtfWNzdJWeXtnd2/fPjhsqSSThDZJwhPZCbGinAna1Exz2kklxXHIaTsc3k399ohKxRLxqMcp9WPcF6zHCNZGCmzbe2JBfjGpetyEInwW2BWn5syAlolbkAoUaAT2lxclJIup0IRjpbquk2o/x1Izwumk7GWKppgMcZ92DRU4psrPZ5dP0KlRItRLpHlCo5n6O5HjWKlxHJrJGOuBWvSm4n9eN9O9Gz9nIs00FWS+qJdxpBM0rQFFTFKi+dgQTCQztyIywBITbcoqmxLcxS8vk9Z5zb2quQ+XlfptUUcJjuEEquDCNdThHhrQBAIjeIZXeLNy68V6tz7moytWkTmCP7A+fwDZaZMm</latexit>

⇠3(�)

<latexit sha1_base64="pOF+Z9H6CtXncYIlXgnv/Dnna9o=">AAAB8HicbVBNSwMxFHxbv2r9qnr0EiyCp7IRUY9FLx4r2Fppl5LNZtvQJLskWaEs/RVePCji1Z/jzX9j2u5BWwcCw8w88t6EqeDG+v63V1pZXVvfKG9WtrZ3dveq+wdtk2SashZNRKI7ITFMcMVallvBOqlmRIaCPYSjm6n/8MS04Ym6t+OUBZIMFI85JdZJjz3hohHp43615tf9GdAywQWpQYFmv/rVixKaSaYsFcSYLvZTG+REW04Fm1R6mWEpoSMyYF1HFZHMBPls4Qk6cUqE4kS7pyyaqb8nciKNGcvQJSWxQ7PoTcX/vG5m46sg5yrNLFN0/lGcCWQTNL0eRVwzasXYEUI1d7siOiSaUOs6qrgS8OLJy6R9VscXdXx3XmtcF3WU4QiO4RQwXEIDbqEJLaAg4Rle4c3T3ov37n3MoyWvmDmEP/A+fwBox5An</latexit>

�1
<latexit sha1_base64="pQHaG41NC/CnT2NtYZtm2aLYRww=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqswUUZdFNy4r2Ie0Q8lkMm1okhmSjFCGfoUbF4q49XPc+Tem01lo64HA4Zxzyb0nSDjTxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVhLZJzGPVC7CmnEnaNsxw2ksUxSLgtBtMbud+94kqzWL5YKYJ9QUeSRYxgo2VHgfcRkM8bAyrNbfu5kCrxCtIDQq0htWvQRiTVFBpCMda9z03MX6GlWGE01llkGqaYDLBI9q3VGJBtZ/lC8/QmVVCFMXKPmlQrv6eyLDQeioCmxTYjPWyNxf/8/qpia79jMkkNVSSxUdRypGJ0fx6FDJFieFTSzBRzO6KyBgrTIztqGJL8JZPXiWdRt27rHv3F7XmTVFHGU7gFM7Bgytowh20oA0EBDzDK7w5ynlx3p2PRbTkFDPH8AfO5w9qS5Ao</latexit>
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Bell-Kochen-Specker theorem: No hidden variable 

model that is noncontextual in this sense can 

reproduce the quantum predictions for Hilbert spaces of 

dimension 3 or greater.
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Is noncontextuality a 

reasonable assumption?
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|ψ1ñ

|ψ3ñ

|ψ2ñ

|ψ1ñ

|ψ0
3ñ

|ψ02ñ

Incompatible mmts!

“These different possibilities require different experimental arrangements; there is 
no a priori reason to believe that the results... should be the same. The result of 
an observation may reasonably depend not only on the state of the system 
(including hidden variables) but also on the complete disposition of the apparatus”

–Bell 1966

So why should one expect 
the value assignments be 
the same?

M1

M2

necessarily distinct 
experimental devices
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Rob Spekkens: because this is the best explanation for why 

the different measurement devices give rise to exactly the 

same possible statistics, for all possible preparations.

So why should one expect 
the value assignments be 
the same?
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Leibniz’s principle of the identity of indiscernibles—
if a difference in set-up is not distinguished in the 
observable phenomena then it should not be 
distinguished in the ontological picture either

This is a methodological principle which 
guides us in constructing good physical 
theories

arxiv:1909.04628
48

https://arxiv.org/pdf/1909.04628.pdf


Leibniz’s principle in action

Einstein’s strong equivalence principle

Einstein’s arguments against the ether

arxiv:1909.0462849

https://arxiv.org/pdf/1909.04628.pdf


-applies to noisy measurements
-applies preparations, transformations, etc
-does not assume determinism
-has an unparalleled pedigree as a notion of classicality

The justifications one can give for KSNC also imply the 
generalized notion of noncontextuality, which has a number 

of advantages:

52 mins
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Next lecture: why noncontextuality is our 
best notion of classical explainability!
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Generalized noncontextuality from 
the perspective of GPTs

David Schmid

Solstice of Foundations 2022
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Why generalized noncontextuality is our 
best notion of classically-explainability:

a priori motivations

contextuality is a resourcekey features

subsumes other notions

-applies to any experiment/scenario
-experimentally testable 
-doesn’t assume correctness of quantum theory
-classicality emerges under sufficient noise or 
coarse-graining or decoherence

-equivalent to classical-explainability of GPTs
-equivalent to existence of a positive 
quasiprobability representation
-Leibniz’s principle (identity of indiscernibles)

-Kochen-Specker contextuality
-Bell inequality violations
-anomalous weak values

-computation 
-communication
-cryptography
-state discrimination
-cloning
-metrology

54



In the landscape of generalized probabilistic theories (GPTs), 
which are “classical”?

(focus on P-M)

arXiv:1911.10386
55

https://arxiv.org/abs/1911.10386v2


state space: simplex effect space: dual of simplex

Traditionally, a GPT has been considered 
“classical” if it is simplicial:

d=3
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(1,0,0)

(0,1,0)

(0,0,1)(0,0,0)
d=3

(1,1,1)

(0,0,1)

(1,0,0)
(0,1,0)

(0,1,1)

(1,1,0)

(1,0,1)

(0,0,0)

state space: simplex effect space: dual of simplex

Traditionally, a GPT has been considered 
“classical” if it is simplicial:
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(1,0,0)

(0,1,0)

(0,0,1)d=3 (1/2,1/2,0)

(1/3,1/3,1/3)

(1,1,1)

(0,0,1)

(1,0,0)
(0,1,0)

(0,1,1)

(1,1,0)

(1,0,1)

(0,0,0)

normalized states effects

Classical statistical theory: probability distributions over a set of classical states

3 ontic states

58



(1,0,0)

(0,1,0)

(0,0,1)d=3 (1/2,1/2,0)

(1/3,1/3,1/3)

(1,1,1)

(0,0,1)

(1,0,0)
(0,1,0)

(0,1,1)

(1,1,0)

(1,0,1)

(0,0,0)

normalized states effects

Every mixed state decomposes into pure states in a unique way
⇒ One can always imagine that there is a true state of the system, and any 
mixed state can be uniquely interpreted as uncertainty about the true state.
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d=3

All logically possible measurements are physically possible and compatible.
⇒ One can determine the exact state of the system in a single measurement.

(1,0,0)

(0,1,0)

(0,0,1)
(1/2,1/2,0)

(1/3,1/3,1/3)

(1,1,1)

(0,0,1)

(1,0,0)
(0,1,0)

(0,1,1)

(1,1,0)

(1,0,1)

(0,0,0)

normalized states effects
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simplicial ⟹ classical
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But what about subtheories of a simplicial theory? 

that is, GPTs whose states and effects are a 
strict subset of those from a simplicial GPT

intuition: these are classically-explainable as well
-one can still imagine that the vertices correspond to ontic states
-so the ontology is the same as in a simplicial theory
-it is just that one cannot perfectly prepare/measure/know the ontic state

NOT 

physically 

possible
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Formal definition

A GPT is simplex-embeddable
if there exists 

1) a linear map taking 
states into a simplex, and
2) a linear map taking 
effects into the dual to that 
simplex, such that
3) probabilities are 
preserved
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simplicial ⟹ classical

simplex-embeddable ⟺ classically explainable
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Which GPTs are simplex-embeddable?

No-go theorems for classical-explainability of GPTs!
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-may need to jointly rescale 
states and effects

? ?

Which GPTs are simplex-embeddable?
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? ?

-may need to jointly rescale 
states and effects

Which GPTs are simplex-embeddable?
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? ?

-may need to jointly reorient states 
and effects relative to the simplex

Which GPTs are simplex-embeddable?

68



? ?

-may need to jointly reorient states 
and effects relative to the simplex

Which GPTs are simplex-embeddable?

Deciding if a GPT is 
simplex-embeddable is 
just a linear program!

arXiv:2204.11905
69

-dimension of simplex may be 
greater than GPT dimension! 
-…but not greater than GPT 
dimension squared

(in fact any linear transformation 
can be applied to the states if the 
inverse is applied to the effects)

https://arxiv.org/abs/2204.11905


arXiv:2204.11905

It is clear geometrically that every GPT becomes 
simplex-embeddable under sufficient depolarizing noise.

70

https://arxiv.org/abs/2204.11905


arXiv:2204.11905

It is clear geometrically that every GPT becomes 
simplex-embeddable under sufficient depolarizing noise.
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https://arxiv.org/abs/2204.11905


A measure of nonclassicality of a GPT: 
how much depolarization can it undergo 
before it becomes classical?

arXiv:2204.11905

It is clear geometrically that every GPT becomes 
simplex-embeddable under sufficient depolarizing noise.

72

https://arxiv.org/abs/2204.11905


Equivalence to noncontextuality

arXiv:1911.10386
73

https://arxiv.org/abs/1911.10386v2


A simplex-embedding of a GPT is just an ontological model for it!
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(0,0,0)

A simplex-embedding of a GPT is just an ontological model for it!

(1,0,0)

(0,1,0)

(0,0,1)
(1/2,1/2,0)

(1/3,1/3,1/3)

vertex = ontic state

<latexit sha1_base64="+lKdZ9U05S31PTNIlkCXjg5f7WA=">AAACG3icbVBLSwMxGMzWV62vVY9egkWol7JbRL0IRS8eK9gHdJclm822oclmSbJiKf0fXvwrXjwo4knw4L8xbRfR1oHAZOYbkm/ClFGlHefLKiwtr6yuFddLG5tb2zv27l5LiUxi0sSCCdkJkSKMJqSpqWakk0qCeMhIOxxcTfz2HZGKiuRWD1Pic9RLaEwx0kYK7BqBHo6EhgpeQE9lPPCYSUcIejyr5PwYevf05xLYZafqTAEXiZuTMsjRCOwPLxI44yTRmCGluq6Tan+EpKaYkXHJyxRJER6gHukamiBOlD+a7jaGR0aJYCykOYmGU/V3YoS4UkMemkmOdF/NexPxP6+b6fjcH9EkzTRJ8OyhOGNQCzgpCkZUEqzZ0BCEJTV/hbiPJMLa1FkyJbjzKy+SVq3qnlbdm5Ny/TKvowgOwCGoABecgTq4Bg3QBBg8gCfwAl6tR+vZerPeZ6MFK8/sgz+wPr8BkKKf5A==</latexit>

e · s =
X

�

µ(�)⇠(�)

the epistemic state for a given GPT 
state is just the vector of its coordinates 

the response function for a given GPT 
effect is just the vector of coordinates 

and the predictions are reproduced as expected:

(1,1,1)

(0,0,1)

(1,0,0)
(0,1,0)

(0,1,1)

(1,1,0)

(1,0,1)

(0,0,0)
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A GPT admits of an ontological model if and only if 
the operational theory which is described by the 

GPT admits of a noncontextual ontological model.

So a GPT is simplex-embeddable IFF it admits 
of an ontological model.

(This is clear once one understands the relationship 
between operational theories and GPTs.)
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quotienting 
with respect to 

operational 
equivalences

quotiented operational theory = GPT(unquotiented) operational theory

all context 
information 
is gone!

<latexit sha1_base64="TUM1dkCGoDGuT0WOYnTdl2rvR8g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR4DXjxGNA9MljA76U2GzM4uM7NCWAL+gBcPinj1i7z5N04eB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXU/91iMqzWN5b8YJ+hEdSB5yRo2V7nSv0iuW3LI7A1kl3oKUYIF6r/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26oScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5JmpexVy97tRan28DSPIw8ncArn4MEl1OAG6tAABgN4hld4c4Tz4rw7H/PWnLOI8Bj+wPn8ATTGjjo=</latexit>s2
<latexit sha1_base64="Kf9m/e53gT8iMn9213m+YcYO0mQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqUI8BLx4jmgcmS5idzCZDZmeXmV4hLAF/wIsHRbz6Rd78GyePgyYWNBRV3XR3BYkUBl3328mtrK6tb+Q3C1vbO7t7xf2DholTzXidxTLWrYAaLoXidRQoeSvRnEaB5M1geD3xm49cGxGrexwl3I9oX4lQMIpWujPd826x5JbdKcgy8eakBHPUusWvTi9macQVMkmNaXtugn5GNQom+bjQSQ1PKBvSPm9bqmjEjZ9NTx2TE6v0SBhrWwrJVP09kdHImFEU2M6I4sAsehPxP6+dYnjlZ0IlKXLFZovCVBKMyeRv0hOaM5QjSyjTwt5K2IBqytCmU7AheIsvL5PGWdm7KHu3lVL14WkWRx6O4BhOwYNLqMIN1KAODPrwDK/w5kjnxXl3PmatOWce4SH8gfP5AzZKjjs=</latexit>s3

<latexit sha1_base64="7hHz6c9zzWEAcG1oaBx0tISk88k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXjxGNA9MljA76U2GzM4uM7NCWAL+gBcPinj1i7z5N04eB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXU/91iMqzWN5b8YJ+hEdSB5yRo2V7nSv0iuW3LI7A1kl3oKUYIF6r/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26oScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5LmRdmrlr3bSqn28DSPIw8ncArn4MEl1OAG6tAABgN4hld4c4Tz4rw7H/PWnLOI8Bj+wPn8ATfOjjw=</latexit>s4

<latexit sha1_base64="F6xm4/csFd6bxbjA2em7SXELrpM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8eKpi22oWy2k3bpZhN2N0IJBf+AFw+KePUXefPfuP04aOuDgcd7M8zMC1PBtXHdb6ewsrq2vlHcLG1t7+zulfcPGjrJFEOfJSJRrZBqFFyib7gR2EoV0jgU2AyH1xO/+YhK80Tem1GKQUz7kkecUWOlO931uuWKW3WnIMvEm5MKzFHvlr86vYRlMUrDBNW67bmpCXKqDGcCx6VOpjGlbEj72LZU0hh1kE9PHZMTq/RIlChb0pCp+nsip7HWozi0nTE1A73oTcT/vHZmoqsg5zLNDEo2WxRlgpiETP4mPa6QGTGyhDLF7a2EDaiizNh0SjYEb/HlZdI4q3oXVe/2vFJ7eJrFUYQjOIZT8OASanADdfCBQR+e4RXeHOG8OO/Ox6y14MwjPIQ/cD5/ADNCjjk=</latexit>s1

note I’m sloppy about effects vs mmts here

<latexit sha1_base64="V7/jIOPs1njMGoPrMZAOYTwcWv8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8eKpi22oWy2k3bpZhN2N0IJBf+AFw+KePUXefPfuP04aOuDgcd7M8zMC1PBtXHdb6ewsrq2vlHcLG1t7+zulfcPGjrJFEOfJSJRrZBqFFyib7gR2EoV0jgU2AyH1xO/+YhK80Tem1GKQUz7kkecUWOlO+x63XLFrbpTkGXizUkF5qh3y1+dXsKyGKVhgmrd9tzUBDlVhjOB41In05hSNqR9bFsqaYw6yKenjsmJVXokSpQtachU/T2R01jrURzazpiagV70JuJ/Xjsz0VWQc5lmBiWbLYoyQUxCJn+THlfIjBhZQpni9lbCBlRRZmw6JRuCt/jyMmmcVb2Lqnd7Xqk9PM3iKMIRHMMpeHAJNbiBOvjAoA/P8ApvjnBenHfnY9ZacOYRHsIfOJ8/He6OKw==</latexit>e1
<latexit sha1_base64="3VxSVmMVn/SdojZYWrVaePW9qk4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR4DXjxGNA9MljA76U2GzM4uM7NCWAL+gBcPinj1i7z5N04eB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXU/91iMqzWN5b8YJ+hEdSB5yRo2V7rBX6RVLbtmdgawSb0FKsEC9V/zq9mOWRigNE1Trjucmxs+oMpwJnBS6qcaEshEdYMdSSSPUfjY7dULOrNInYaxsSUNm6u+JjEZaj6PAdkbUDPWyNxX/8zqpCa/8jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdgQvOWXV0mzUvaqZe/2olR7eJrHkYcTOIVz8OASanADdWgAgwE8wyu8OcJ5cd6dj3lrzllEeAx/4Hz+AB9yjiw=</latexit>e2

<latexit sha1_base64="bojhPoBBI4ExlUKffo5GOTAEBMg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqUI8BLx4jmgcmS5id9CZDZmeXmVkhLAF/wIsHRbz6Rd78GyePgyYWNBRV3XR3BYng2rjut5NbWV1b38hvFra2d3b3ivsHDR2nimGdxSJWrYBqFFxi3XAjsJUopFEgsBkMryd+8xGV5rG8N6ME/Yj2JQ85o8ZKd9g97xZLbtmdgiwTb05KMEetW/zq9GKWRigNE1Trtucmxs+oMpwJHBc6qcaEsiHtY9tSSSPUfjY9dUxOrNIjYaxsSUOm6u+JjEZaj6LAdkbUDPSiNxH/89qpCa/8jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdgQvMWXl0njrOxdlL3bSqn68DSLIw9HcAyn4MElVOEGalAHBn14hld4c4Tz4rw7H7PWnDOP8BD+wPn8ASD2ji0=</latexit>e3
<latexit sha1_base64="/M2PJStSxBcfDWVHpWXJ8RpJKgo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXjxGNA9MljA76U2GzM4uM7NCWAL+gBcPinj1i7z5N04eB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXU/91iMqzWN5b8YJ+hEdSB5yRo2V7rBX6RVLbtmdgawSb0FKsEC9V/zq9mOWRigNE1Trjucmxs+oMpwJnBS6qcaEshEdYMdSSSPUfjY7dULOrNInYaxsSUNm6u+JjEZaj6PAdkbUDPWyNxX/8zqpCa/8jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdgQvOWXV0nzouxVy95tpVR7eJrHkYcTOIVz8OASanADdWgAgwE8wyu8OcJ5cd6dj3lrzllEeAx/4Hz+ACJ6ji4=</latexit>e4
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Quantum example

Quotiented description:
-density ops, POVMs
-no context info

<latexit sha1_base64="ocOFCN8xjbc3fMtUlyCIi6Zo/Ww=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48RTCImS5idzGaHzGOZmRXCEvALvHhQxKs/5M2/cTbJQRMLGoqqbrq7opQzY33/2yutrK6tb5Q3K1vbO7t71f2DtlGZJrRFFFf6PsKGciZpyzLL6X2qKRYRp51odF34nUeqDVPyzo5TGgo8lCxmBNtC6ulE9as1v+5PgZZJMCc1mKPZr371BopkgkpLODamG/ipDXOsLSOcTiq9zNAUkxEe0q6jEgtqwnx66wSdOGWAYqVdSYum6u+JHAtjxiJynQLbxCx6hfif181sfBXmTKaZpZLMFsUZR1ah4nE0YJoSy8eOYKKZuxWRBGtMrIun4kIIFl9eJu2zenBRD27Pa42Hp1kcZTiCYziFAC6hATfQhBYQSOAZXuHNE96L9+59zFpL3jzCQ/gD7/MHTtyO5Q==</latexit>⇢

<latexit sha1_base64="cuGwYfK6mX+FA9YA9A9NLqtCeA4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeACB4TMA9MljA76U3GzM4uM7NCWALevXhQxKuf5M2/cfI4aGJBQ1HVTXdXkAiujet+O7mV1bX1jfxmYWt7Z3evuH/Q0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HweuI3H1FpHss7M0rQj2hf8pAzaqxUu+kWS27ZnYIsE29OSjBHtVv86vRilkYoDRNU67bnJsbPqDKcCRwXOqnGhLIh7WPbUkkj1H42PXRMTqzSI2GsbElDpurviYxGWo+iwHZG1Az0ojcR//PaqQmv/IzLJDUo2WxRmApiYjL5mvS4QmbEyBLKFLe3EjagijJjsynYELzFl5dJ46zsXZS92nmpcv80iyMPR3AMp+DBJVTgFqpQBwYIz/AKb86D8+K8Ox+z1pwzj/AQ/sD5/AHIHY1n</latexit>

E

quotient

1. pass through a polarizer
2. check if photocell clicks

1. flip a coin
2. prepare 0 if heads, 1 if tails
3. forget the coin flip outcome

ontological
representation

<latexit sha1_base64="g8iQ1KMnQpHiugSAQJbpbBv9EJw=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBHqpsyIqMuCG5cV7AM7Q8lkMm1okhnyEEop+BVuXCji1p9x59+YPhbaeuDC4Zxzyc2Jc8608f1vb2V1bX1js7BV3N7Z3dsvHRw2dWYVoQ2S8Uy1Y6wpZ5I2DDOctnNFsYg5bcWDm4nfeqRKs0zem2FOI4F7kqWMYOOkMBS2EnIXT/BZt1T2q/4UaJkEc1KGOerd0leYZMQKKg3hWOtO4OcmGmFlGOF0XAytpjkmA9yjHUclFlRHo+nNY3TqlASlmXIjDZqqvzdGWGg9FLFLCmz6etGbiP95HWvS62jEZG4NlWT2UGo5MhmaFIASpigxfOgIJoq5WxHpY4WJcTUVXQnB4peXSfO8GlxWg7uLcu3haVZHAY7hBCoQwBXU4Bbq0AACOTzDK7x51nvx3r2PWXTFm1d4BH/gff4AkfKR3A==</latexit>

µ(�)

<latexit sha1_base64="JbHSM7zlozSaA4DxA8pDbPBPywE=">AAAB83icbVDLSgMxFL1TX7W+qi7dBItQN2VGRF0W3LisYB/YGUomk2lDM8mQZMQyFPwKNy4UcevPuPNvTB8LbT1w4XDOueTmhCln2rjut1NYWV1b3yhulra2d3b3yvsHLS0zRWiTSC5VJ8SaciZo0zDDaSdVFCchp+1weD3x2w9UaSbFnRmlNEhwX7CYEWys5PuPrOpzG4/waa9ccWvuFGiZeHNSgTkavfKXH0mSJVQYwrHWXc9NTZBjZRjhdFzyM01TTIa4T7uWCpxQHeTTm8foxCoRiqWyIwyaqr83cpxoPUpCm0ywGehFbyL+53UzE18FORNpZqggs4fijCMj0aQAFDFFieEjSzBRzN6KyAArTIytqWRL8Ba/vExaZzXvoubdnlfq90+zOopwBMdQBQ8uoQ430IAmEEjhGV7hzcmcF+fd+ZhFC868wkP4A+fzB5Bwkds=</latexit>

⇠(�)

quotient plus ontological repn

necessarily defines a NONCONTEXTUAL model!

Unquotiented description:
-detailed lists of lab instructions
-includes context info
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Any ontological model ! for a GPT gives a noncontextual
ontological model for the unquotiented theory which it came from

<latexit sha1_base64="Xkq0Oo01KcnHeYbWe6PSDhAu624=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMePEYwTwgu4bZ2dlkyMzsMjOrhCX/4cWDIl79F2/+jZPHQRMLGoqqbrq7wpQzbVz32ymsrW9sbhW3Szu7e/sH5cOjtk4yRWiLJDxR3RBrypmkLcMMp91UUSxCTjvh6Gbqdx6p0iyR92ac0kDggWQxI9hY6cEXWd+r+twORPi8X664NXcGtEq8BanAAs1++cuPEpIJKg3hWOue56YmyLEyjHA6KfmZpikmIzygPUslFlQH+ezqCTqzSoTiRNmSBs3U3xM5FlqPRWg7BTZDvexNxf+8Xmbi6yBnMs0MlWS+KM44MgmaRoAipigxfGwJJorZWxEZYoWJsUGVbAje8surpH1R8y5r3l290hg05nEU4QROoQoeXEEDbqEJLSCg4Ble4c15cl6cd+dj3lpwFhEewx84nz+vC5JN</latexit>

µ1(�)
<latexit sha1_base64="8JNQvuuTIhKDBfUxbSKgudQGbiQ=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMePEYwTwgu4bZ2dlkyMzsMjOrhCX/4cWDIl79F2/+jZPHQRMLGoqqbrq7wpQzbVz32ymsrW9sbhW3Szu7e/sH5cOjtk4yRWiLJDxR3RBrypmkLcMMp91UUSxCTjvh6Gbqdx6p0iyR92ac0kDggWQxI9hY6cEXWb9e9bkdiPB5v1xxa+4MaJV4C1KBBZr98pcfJSQTVBrCsdY9z01NkGNlGOF0UvIzTVNMRnhAe5ZKLKgO8tnVE3RmlQjFibIlDZqpvydyLLQei9B2CmyGetmbiv95vczE10HOZJoZKsl8UZxxZBI0jQBFTFFi+NgSTBSztyIyxAoTY4Mq2RC85ZdXSbte8y5r3t1FpTFozOMowgmcQhU8uIIG3EITWkBAwTO8wpvz5Lw4787HvLXgLCI8hj9wPn8AsJiSTg==</latexit>

µ2(�)
<latexit sha1_base64="k1RVF+IyyCi2XKBMmUXKWIFRfr4=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRT0GvHiMYB6QXcPs7GwyZGZ2mZlVwpL/8OJBEa/+izf/xsnjoIkFDUVVN91dYcqZNq777RRWVtfWN4qbpa3tnd298v5BSyeZIrRJEp6oTog15UzSpmGG006qKBYhp+1weDPx249UaZbIezNKaSBwX7KYEWys9OCLrHde9bkdiPBpr1xxa+4UaJl4c1KBORq98pcfJSQTVBrCsdZdz01NkGNlGOF0XPIzTVNMhrhPu5ZKLKgO8unVY3RilQjFibIlDZqqvydyLLQeidB2CmwGetGbiP953czE10HOZJoZKslsUZxxZBI0iQBFTFFi+MgSTBSztyIywAoTY4Mq2RC8xZeXSeus5l3WvLuLSr1fn8VRhCM4hip4cAV1uIUGNIGAgmd4hTfnyXlx3p2PWWvBmUd4CH/gfP4AsiWSTw==</latexit>

µ3(�)
<latexit sha1_base64="x2unfmtFR3y9RofvlUOjBq6ARCw=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMePEYwTwgu4bZ2dlkyMzsMjOrhCX/4cWDIl79F2/+jZPHQRMLGoqqbrq7wpQzbVz32ymsrW9sbhW3Szu7e/sH5cOjtk4yRWiLJDxR3RBrypmkLcMMp91UUSxCTjvh6Gbqdx6p0iyR92ac0kDggWQxI9hY6cEXWb9e9bkdiPB5v1xxa+4MaJV4C1KBBZr98pcfJSQTVBrCsdY9z01NkGNlGOF0UvIzTVNMRnhAe5ZKLKgO8tnVE3RmlQjFibIlDZqpvydyLLQei9B2CmyGetmbiv95vczE10HOZJoZKsl8UZxxZBI0jQBFTFFi+NgSTBSztyIyxAoTY4Mq2RC85ZdXSfui5l3WvLt6pTFozOMowgmcQhU8uIIG3EITWkBAwTO8wpvz5Lw4787HvLXgLCI8hj9wPn8As7KSUA==</latexit>

µ4(�)

quotient

<latexit sha1_base64="TUM1dkCGoDGuT0WOYnTdl2rvR8g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR4DXjxGNA9MljA76U2GzM4uM7NCWAL+gBcPinj1i7z5N04eB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXU/91iMqzWN5b8YJ+hEdSB5yRo2V7nSv0iuW3LI7A1kl3oKUYIF6r/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26oScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5JmpexVy97tRan28DSPIw8ncArn4MEl1OAG6tAABgN4hld4c4Tz4rw7H/PWnLOI8Bj+wPn8ATTGjjo=</latexit>s2
<latexit sha1_base64="Kf9m/e53gT8iMn9213m+YcYO0mQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqUI8BLx4jmgcmS5idzCZDZmeXmV4hLAF/wIsHRbz6Rd78GyePgyYWNBRV3XR3BYkUBl3328mtrK6tb+Q3C1vbO7t7xf2DholTzXidxTLWrYAaLoXidRQoeSvRnEaB5M1geD3xm49cGxGrexwl3I9oX4lQMIpWujPd826x5JbdKcgy8eakBHPUusWvTi9macQVMkmNaXtugn5GNQom+bjQSQ1PKBvSPm9bqmjEjZ9NTx2TE6v0SBhrWwrJVP09kdHImFEU2M6I4sAsehPxP6+dYnjlZ0IlKXLFZovCVBKMyeRv0hOaM5QjSyjTwt5K2IBqytCmU7AheIsvL5PGWdm7KHu3lVL14WkWRx6O4BhOwYNLqMIN1KAODPrwDK/w5kjnxXl3PmatOWce4SH8gfP5AzZKjjs=</latexit>s3

<latexit sha1_base64="7hHz6c9zzWEAcG1oaBx0tISk88k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXjxGNA9MljA76U2GzM4uM7NCWAL+gBcPinj1i7z5N04eB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXU/91iMqzWN5b8YJ+hEdSB5yRo2V7nSv0iuW3LI7A1kl3oKUYIF6r/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26oScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5LmRdmrlr3bSqn28DSPIw8ncArn4MEl1OAG6tAABgN4hld4c4Tz4rw7H/PWnLOI8Bj+wPn8ATfOjjw=</latexit>s4

<latexit sha1_base64="F6xm4/csFd6bxbjA2em7SXELrpM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8eKpi22oWy2k3bpZhN2N0IJBf+AFw+KePUXefPfuP04aOuDgcd7M8zMC1PBtXHdb6ewsrq2vlHcLG1t7+zulfcPGjrJFEOfJSJRrZBqFFyib7gR2EoV0jgU2AyH1xO/+YhK80Tem1GKQUz7kkecUWOlO931uuWKW3WnIMvEm5MKzFHvlr86vYRlMUrDBNW67bmpCXKqDGcCx6VOpjGlbEj72LZU0hh1kE9PHZMTq/RIlChb0pCp+nsip7HWozi0nTE1A73oTcT/vHZmoqsg5zLNDEo2WxRlgpiETP4mPa6QGTGyhDLF7a2EDaiizNh0SjYEb/HlZdI4q3oXVe/2vFJ7eJrFUYQjOIZT8OASanADdfCBQR+e4RXeHOG8OO/Ox6y14MwjPIQ/cD5/ADNCjjk=</latexit>s1

OM
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<latexit sha1_base64="Xkq0Oo01KcnHeYbWe6PSDhAu624=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMePEYwTwgu4bZ2dlkyMzsMjOrhCX/4cWDIl79F2/+jZPHQRMLGoqqbrq7wpQzbVz32ymsrW9sbhW3Szu7e/sH5cOjtk4yRWiLJDxR3RBrypmkLcMMp91UUSxCTjvh6Gbqdx6p0iyR92ac0kDggWQxI9hY6cEXWd+r+twORPi8X664NXcGtEq8BanAAs1++cuPEpIJKg3hWOue56YmyLEyjHA6KfmZpikmIzygPUslFlQH+ezqCTqzSoTiRNmSBs3U3xM5FlqPRWg7BTZDvexNxf+8Xmbi6yBnMs0MlWS+KM44MgmaRoAipigxfGwJJorZWxEZYoWJsUGVbAje8surpH1R8y5r3l290hg05nEU4QROoQoeXEEDbqEJLSCg4Ble4c15cl6cd+dj3lpwFhEewx84nz+vC5JN</latexit>

µ1(�)
<latexit sha1_base64="8JNQvuuTIhKDBfUxbSKgudQGbiQ=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMePEYwTwgu4bZ2dlkyMzsMjOrhCX/4cWDIl79F2/+jZPHQRMLGoqqbrq7wpQzbVz32ymsrW9sbhW3Szu7e/sH5cOjtk4yRWiLJDxR3RBrypmkLcMMp91UUSxCTjvh6Gbqdx6p0iyR92ac0kDggWQxI9hY6cEXWb9e9bkdiPB5v1xxa+4MaJV4C1KBBZr98pcfJSQTVBrCsdY9z01NkGNlGOF0UvIzTVNMRnhAe5ZKLKgO8tnVE3RmlQjFibIlDZqpvydyLLQei9B2CmyGetmbiv95vczE10HOZJoZKsl8UZxxZBI0jQBFTFFi+NgSTBSztyIyxAoTY4Mq2RC85ZdXSbte8y5r3t1FpTFozOMowgmcQhU8uIIG3EITWkBAwTO8wpvz5Lw4787HvLXgLCI8hj9wPn8AsJiSTg==</latexit>

µ2(�)
<latexit sha1_base64="k1RVF+IyyCi2XKBMmUXKWIFRfr4=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRT0GvHiMYB6QXcPs7GwyZGZ2mZlVwpL/8OJBEa/+izf/xsnjoIkFDUVVN91dYcqZNq777RRWVtfWN4qbpa3tnd298v5BSyeZIrRJEp6oTog15UzSpmGG006qKBYhp+1weDPx249UaZbIezNKaSBwX7KYEWys9OCLrHde9bkdiPBpr1xxa+4UaJl4c1KBORq98pcfJSQTVBrCsdZdz01NkGNlGOF0XPIzTVNMhrhPu5ZKLKgO8unVY3RilQjFibIlDZqqvydyLLQeidB2CmwGetGbiP953czE10HOZJoZKslsUZxxZBI0iQBFTFFi+MgSTBSztyIywAoTY4Mq2RC8xZeXSeus5l3WvLuLSr1fn8VRhCM4hip4cAV1uIUGNIGAgmd4hTfnyXlx3p2PWWvBmUd4CH/gfP4AsiWSTw==</latexit>

µ3(�)
<latexit sha1_base64="x2unfmtFR3y9RofvlUOjBq6ARCw=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMePEYwTwgu4bZ2dlkyMzsMjOrhCX/4cWDIl79F2/+jZPHQRMLGoqqbrq7wpQzbVz32ymsrW9sbhW3Szu7e/sH5cOjtk4yRWiLJDxR3RBrypmkLcMMp91UUSxCTjvh6Gbqdx6p0iyR92ac0kDggWQxI9hY6cEXWb9e9bkdiPB5v1xxa+4MaJV4C1KBBZr98pcfJSQTVBrCsdY9z01NkGNlGOF0UvIzTVNMRnhAe5ZKLKgO8tnVE3RmlQjFibIlDZqpvydyLLQei9B2CmyGetmbiv95vczE10HOZJoZKsl8UZxxZBI0jQBFTFFi+NgSTBSztyIyxAoTY4Mq2RC85ZdXSfui5l3WvLt6pTFozOMowgmcQhU8uIIG3EITWkBAwTO8wpvz5Lw4787HvLXgLCI8hj9wPn8As7KSUA==</latexit>

µ4(�)

quotient

<latexit sha1_base64="F6xm4/csFd6bxbjA2em7SXELrpM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8eKpi22oWy2k3bpZhN2N0IJBf+AFw+KePUXefPfuP04aOuDgcd7M8zMC1PBtXHdb6ewsrq2vlHcLG1t7+zulfcPGjrJFEOfJSJRrZBqFFyib7gR2EoV0jgU2AyH1xO/+YhK80Tem1GKQUz7kkecUWOlO931uuWKW3WnIMvEm5MKzFHvlr86vYRlMUrDBNW67bmpCXKqDGcCx6VOpjGlbEj72LZU0hh1kE9PHZMTq/RIlChb0pCp+nsip7HWozi0nTE1A73oTcT/vHZmoqsg5zLNDEo2WxRlgpiETP4mPa6QGTGyhDLF7a2EDaiizNh0SjYEb/HlZdI4q3oXVe/2vFJ7eJrFUYQjOIZT8OASanADdfCBQR+e4RXeHOG8OO/Ox6y14MwjPIQ/cD5/ADNCjjk=</latexit>s1
<latexit sha1_base64="TUM1dkCGoDGuT0WOYnTdl2rvR8g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR4DXjxGNA9MljA76U2GzM4uM7NCWAL+gBcPinj1i7z5N04eB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXU/91iMqzWN5b8YJ+hEdSB5yRo2V7nSv0iuW3LI7A1kl3oKUYIF6r/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26oScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5JmpexVy97tRan28DSPIw8ncArn4MEl1OAG6tAABgN4hld4c4Tz4rw7H/PWnLOI8Bj+wPn8ATTGjjo=</latexit>s2

<latexit sha1_base64="Kf9m/e53gT8iMn9213m+YcYO0mQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqUI8BLx4jmgcmS5idzCZDZmeXmV4hLAF/wIsHRbz6Rd78GyePgyYWNBRV3XR3BYkUBl3328mtrK6tb+Q3C1vbO7t7xf2DholTzXidxTLWrYAaLoXidRQoeSvRnEaB5M1geD3xm49cGxGrexwl3I9oX4lQMIpWujPd826x5JbdKcgy8eakBHPUusWvTi9macQVMkmNaXtugn5GNQom+bjQSQ1PKBvSPm9bqmjEjZ9NTx2TE6v0SBhrWwrJVP09kdHImFEU2M6I4sAsehPxP6+dYnjlZ0IlKXLFZovCVBKMyeRv0hOaM5QjSyjTwt5K2IBqytCmU7AheIsvL5PGWdm7KHu3lVL14WkWRx6O4BhOwYNLqMIN1KAODPrwDK/w5kjnxXl3PmatOWce4SH8gfP5AzZKjjs=</latexit>s3
<latexit sha1_base64="7hHz6c9zzWEAcG1oaBx0tISk88k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXjxGNA9MljA76U2GzM4uM7NCWAL+gBcPinj1i7z5N04eB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXU/91iMqzWN5b8YJ+hEdSB5yRo2V7nSv0iuW3LI7A1kl3oKUYIF6r/jV7ccsjVAaJqjWHc9NjJ9RZTgTOCl0U40JZSM6wI6lkkao/Wx26oScWaVPwljZkobM1N8TGY20HkeB7YyoGeplbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5LmRdmrlr3bSqn28DSPIw8ncArn4MEl1OAG6tAABgN4hld4c4Tz4rw7H/PWnLOI8Bj+wPn8ATfOjjw=</latexit>s4

noncontextual OM

OM

Any ontological model ! for a GPT gives a noncontextual
ontological model for the unquotiented theory which it came from
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In summary: consider an operational theory and the GPT associated to 
it (by quotienting with respect to operational equivalences)

The operational scenario is classically-explainable if and 
only if
1. it admits of a noncontextual ontological model
2. its GPT admits of any ontological model
3. its GPT admits of a simplex-embedding

These are equivalent notions of classicality!

arXiv:1911.10386
arxiv:2005.07161

81

https://arxiv.org/abs/1911.10386v2
https://arxiv.org/abs/2005.07161


Simplex-embeddable GPT 
= 

Epistemically restricted classical theory

NOT 

physically 

possible

ruled out by an “epistemic restriction”
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Consider a simplicial GPT with d = 4

points in the simplex correspond to valid probability distributions arXiv:0401052
83

https://arxiv.org/pdf/quant-ph/0401052.pdf


Spekkens toy theory: imagine that these are the 
only physically possible states of knowledge
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Spekkens toy theory: imagine that these are the 
only physically possible states of knowledge
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As a GPT, we also include all mixtures of these:

86



embedding simplex

GPT state space

(the effect space is constructed similarly)
87



NOT 

physically 

possible

Any simplex-embeddable GPT can be viewed similarly:

ruled out by an “epistemic restriction”

What is the scope of possible Spekkens-like toy theories?
Answer: all and only noncontextual models
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Simplicial GPTs Simplex-embeddable GPTs

simplex + dual simplex + dual + restriction

-all mmts compatible
-unique decomposition 
of mixed states

-noncommutativity 
-complementarity 
-interference 
-no-cloning 
-teleportation
-dense coding
-entanglement
-remote steering
-quantum eraser
-mmts must disturb
-ambiguity of mixtures
-no perfect state discr.
…

Non-embeddable GPTs

-contextuality
-computational 
speedups
-nonlocality

all other GPTs

“noncontextual”“noncontextual” “contextual”

strictly classical classically-explainable nonclassical

(see next lecture!)

-specific quantitative
advantages 
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Noncontextuality beyond PM scenarios

arxiv:2005.07161
90

https://arxiv.org/pdf/2005.07161.pdf


Operational Theory = process theory + probability rule

-systems

-laboratory procedures applied to systems

-probability rule

A B

91

pr(E1)  = 



Operational Equivalence of Two Procedures

Equivalence Class Contexts
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Quotienting with respect to Operational Equivalence

define a quotienting map 

Recall that there is a NCOM of an operational 
scenario IFF there is an OM of the GPT.

Operational theory ➡ GPT

so henceforth we will just talk about OMs of GPTs!
93



Ontological representations 
for arbitrary circuits in GPTs

arxiv:2005.07161
94

https://arxiv.org/pdf/2005.07161.pdf


Ontological model of a GPT
<latexit sha1_base64="s4blci9H+VEK3AdNd3hJ8iY0ybM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegBz1GMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk5qdm+xELhXrvhVfwa0TIKcVCBHvVf+6vYVSQWVlnBsTCfwExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCMHiy8ukeVYNLqrB/Xmldp3HUYQjOIZTCOASanAHdWgAgUd4hld485T34r17H/PWgpfPHMIfeJ8/V+OO+w==</latexit>

�

1) reproduces the predictions

2) represents ignoring appropriately

3) is diagram-preserving

4) is linear

special cases: states, effects

which:

GPT 
transformation

subStochastic
map

<latexit sha1_base64="oDgYn4e6Btvqcl8oTY5hKkExXjs=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuqG5cV7EPaoWQymTY0yQxJRhiGfoUbF4q49XPc+Tem7Sy09UDgcM655N4TJJxp47rfTmlldW19o7xZ2dre2d2r7h+0dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGt1O/80SVZrF8MFlCfYGHkkWMYGOlxz630RAPrgfVmlt3Z0DLxCtIDQo0B9WvfhiTVFBpCMda9zw3MX6OlWGE00mln2qaYDLGQ9qzVGJBtZ/PFp6gE6uEKIqVfdKgmfp7IsdC60wENimwGelFbyr+5/VSE135OZNJaqgk84+ilCMTo+n1KGSKEsMzSzBRzO6KyAgrTIztqGJL8BZPXibts7p3Uffuz2uNm6KOMhzBMZyCB5fQgDtoQgsICHiGV3hzlPPivDsf82jJKWYO4Q+czx+BB5A3</latexit>

�A

<latexit sha1_base64="kItKjRcTlY3l9Cm2hvcxogtH4Ao=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMtSNy4r2Ie0Q8lkMm1okhmSjFCGfoUbF4q49XPc+Tem01lo64HA4Zxzyb0nSDjTxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVhLZJzGPVC7CmnEnaNsxw2ksUxSLgtBtMbud+94kqzWL5YKYJ9QUeSRYxgo2VHgfcRkM8bA6rNbfu5kCrxCtIDQq0htWvQRiTVFBpCMda9z03MX6GlWGE01llkGqaYDLBI9q3VGJBtZ/lC8/QmVVCFMXKPmlQrv6eyLDQeioCmxTYjPWyNxf/8/qpiW78jMkkNVSSxUdRypGJ0fx6FDJFieFTSzBRzO6KyBgrTIztqGJL8JZPXiWdi7p3VffuL2uNZlFHGU7gFM7Bg2towB20oA0EBDzDK7w5ynlx3p2PRbTkFDPH8AfO5w+Ci5A4</latexit>

�B
<latexit sha1_base64="FjY23SCZmUhdOQc20x9vuQrlc+E=">AAACJnicbVC7TsMwFHV4lvIKMLKkVEhlqRKEgAWplAHGIvUlNVHkOG5r1U4i20GqQr6GhV9hYShCiI1PwU0z0JZjWTo+517b93gRJUKa5re2srq2vrFZ2Cpu7+zu7esHh20RxhzhFgppyLseFJiSALckkRR3I44h8yjueKO7qd95wlyQMGjKcYQdBgcB6RMEpZJc/ca+h4xBN7FLaklCfZw0U7uUVtSRqnv8zKsr6XlOuVXKmauXzaqZwVgmVk7KIEfD1Se2H6KY4UAiCoXoWWYknQRySRDFadGOBY4gGsEB7ikaQIaFk2RjpsapUnyjH3K1A2lk6t+OBDIhxsxTlQzKoVj0puJ/Xi+W/WsnIUEUSxyg2UP9mBoyNKaZGT7hGEk6VgQiTtRfDTSEHCKpki2qEKzFkZdJ+7xqXVatx4tyrZ7HUQDH4ARUgAWuQA08gAZoAQRewBuYgA/tVXvXPrWvWemKlvccgTloP78IAKRA</latexit>

�̃T(�B|�A)



GPT processes

GPT systems classical systems 
(random variables)

(sub)Stochastic processes

ontological 
representation

<latexit sha1_base64="MUbNEBHw+O/u4A9HqSMi37sdnl4=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48R8sJkCbOzs8mQ2dllplcIS8Cf8OJBEa9+jTf/xsnjoIkFDUVVN91dQSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3U799iPXRiSqgeOU+zEdKBEJRtFK3R4KGfK8Mel7/XLFrbozkFXiLUgFFqj3y1+9MGFZzBUySY3pem6Kfk41Cib5pNTLDE8pG9EB71qqaMyNn89OnpAzq4QkSrQthWSm/p7IaWzMOA5sZ0xxaJa9qfif180wuvFzodIMuWLzRVEmCSZk+j8JheYM5dgSyrSwtxI2pJoytCmVbAje8surpHVR9a6q3v1lpfbwNI+jCCdwCufgwTXU4A7q0AQGCTzDK7w56Lw4787HvLXgLCI8hj9wPn8AZ+WR0A==</latexit>

T̃1

<latexit sha1_base64="j3vdfojzCp7j5EjF/YZj4Rq11iI=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWOEvDBZwuzsbDJkdnaZ6RXCEvAnvHhQxKtf482/cfI4aGJBQ1HVTXdXkEph0HW/nbX1jc2t7cJOcXdv/+CwdHTcMkmmGW+yRCa6E1DDpVC8iQIl76Sa0ziQvB2Mbqd++5FrIxLVwHHK/ZgOlIgEo2ilbg+FDHnemPSr/VLZrbgzkFXiLUgZFqj3S1+9MGFZzBUySY3pem6Kfk41Cib5pNjLDE8pG9EB71qqaMyNn89OnpBzq4QkSrQthWSm/p7IaWzMOA5sZ0xxaJa9qfif180wuvFzodIMuWLzRVEmCSZk+j8JheYM5dgSyrSwtxI2pJoytCkVbQje8surpFWteFcV7/6yXHt4msdRgFM4gwvw4BpqcAd1aAKDBJ7hFd4cdF6cd+dj3rrmLCI8gT9wPn8AaWmR0Q==</latexit>

T̃2

<latexit sha1_base64="Nx+VMZhoL5Of8WOjyS5FPe4LmAM=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYhA8hd0g6jHgxWNE88BkCbOzvcmQ2ZllplcIS8Cf8OJBEa9+jTf/xsnjoIkFDUVVN91dYSq4Qc/7dlZW19Y3Ngtbxe2d3b390sFh06hMM2gwJZRuh9SA4BIayFFAO9VAk1BAKxxeT/zWI2jDlbzHUQpBQvuSx5xRtFKni1xEkN+Ne9VeqexVvCncZeLPSZnMUe+VvrqRYlkCEpmgxnR8L8Ugpxo5EzAudjMDKWVD2oeOpZImYIJ8evLYPbVK5MZK25LoTtXfEzlNjBkloe1MKA7MojcR//M6GcZXQc5lmiFINlsUZ8JF5U7+dyOugaEYWUKZ5vZWlw2opgxtSkUbgr/48jJpViv+RcW/PS/XHp5mcRTIMTkhZ8Qnl6RGbkidNAgjijyTV/LmoPPivDsfs9YVZx7hEfkD5/MHZ+KR0A==</latexit>

S̃2

<latexit sha1_base64="W+tNUh3glyCUW4yLwgMyuvVc5fo=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48RzQOTJczOziZDZmeXmV4hLAF/wosHRbz6Nd78GyePgyYWNBRV3XR3BakUBl332ymsrK6tbxQ3S1vbO7t75f2DpkkyzXiDJTLR7YAaLoXiDRQoeTvVnMaB5K1geD3xW49cG5Goexyl3I9pX4lIMIpW6nRRyJDnd+Oe1ytX3Ko7BVkm3pxUYI56r/zVDROWxVwhk9SYjuem6OdUo2CSj0vdzPCUsiHt846lisbc+Pn05DE5sUpIokTbUkim6u+JnMbGjOLAdsYUB2bRm4j/eZ0Moys/FyrNkCs2WxRlkmBCJv+TUGjOUI4soUwLeythA6opQ5tSyYbgLb68TJpnVe+i6t2eV2oPT7M4inAEx3AKHlxCDW6gDg1gkMAzvMKbg86L8+58zFoLzjzCQ/gD5/MHZl6Rzw==</latexit>

S̃1 <latexit sha1_base64="Nx+VMZhoL5Of8WOjyS5FPe4LmAM=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYhA8hd0g6jHgxWNE88BkCbOzvcmQ2ZllplcIS8Cf8OJBEa9+jTf/xsnjoIkFDUVVN91dYSq4Qc/7dlZW19Y3Ngtbxe2d3b390sFh06hMM2gwJZRuh9SA4BIayFFAO9VAk1BAKxxeT/zWI2jDlbzHUQpBQvuSx5xRtFKni1xEkN+Ne9VeqexVvCncZeLPSZnMUe+VvrqRYlkCEpmgxnR8L8Ugpxo5EzAudjMDKWVD2oeOpZImYIJ8evLYPbVK5MZK25LoTtXfEzlNjBkloe1MKA7MojcR//M6GcZXQc5lmiFINlsUZ8JF5U7+dyOugaEYWUKZ5vZWlw2opgxtSkUbgr/48jJpViv+RcW/PS/XHp5mcRTIMTkhZ8Qnl6RGbkidNAgjijyTV/LmoPPivDsfs9YVZx7hEfkD5/MHZ+KR0A==</latexit>

S̃2

<latexit sha1_base64="+hXIR1IG65mTeVAiyajoxor/iDo=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeACB4jmAcmS5idnU2GzM4uM71CWAL+hBcPinj1a7z5N04eB00saCiquunuClIpDLrut1NYWV1b3yhulra2d3b3yvsHTZNkmvEGS2Si2wE1XArFGyhQ8naqOY0DyVvB8Hritx65NiJR9zhKuR/TvhKRYBSt1OmikCHPb8Y9r1euuFV3CrJMvDmpwBz1XvmrGyYsi7lCJqkxHc9N0c+pRsEkH5e6meEpZUPa5x1LFY258fPpyWNyYpWQRIm2pZBM1d8TOY2NGcWB7YwpDsyiNxH/8zoZRld+LlSaIVdstijKJMGETP4nodCcoRxZQpkW9lbCBlRThjalkg3BW3x5mTTPqt5F1bs7r9QenmZxFOEIjuEUPLiEGtxCHRrAIIFneIU3B50X5935mLUWnHmEh/AHzucPUPyRwQ==</latexit>

Ẽ1

<latexit sha1_base64="EcJUE4a9BWAgXpyBUg18zuv0zOs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cKpi22oWy2m3bpZhN2J2IJBf+BFw+KePUHefPfuP04aOuDgcd7M8zMC1MpDLrut1NYWV1b3yhulra2d3b3yvsHDZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJ74zQeujUjUHY5SHsS0r0QkGEUr+Z1H0fW65Ypbdacgy8SbkwrMUe+Wvzq9hGUxV8gkNabtuSkGOdUomOTjUiczPKVsSPu8bamiMTdBPj12TE6s0iNRom0pJFP190ROY2NGcWg7Y4oDs+hNxP+8dobRVZALlWbIFZstijJJMCGTz0lPaM5QjiyhTAt7K2EDqilDm0/JhuAtvrxMGmdV76Lq3Z5XavdPsziKcATHcAoeXEINbqAOPjAQ8Ayv8OYo58V5dz5mrQVnHuEh/IHz+QOyD48X</latexit>

⇠1

<latexit sha1_base64="eMPHHG8d3cDlDnvLF7rIBzMIhLE=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjwoMcI5oHJEnonk2TIzOw6MyuEJeA3ePGgiFd/x5t/4+Rx0MSChqKqm+6uKBHcWN//9paWV1bX1nMb+c2t7Z3dwt5+zcSppqxKYxHrRoSGCa5Y1XIrWCPRDGUkWD0aXI39+iPThsfqzg4TFkrsKd7lFK2TGq1rlBLbQbtQ9Ev+BGSRBDNShBkq7cJXqxPTVDJlqUBjmoGf2DBDbTkVbJRvpYYlSAfYY01HFUpmwmxy74gcO6VDurF2pSyZqL8nMpTGDGXkOiXavpn3xuJ/XjO13csw4ypJLVN0uqibCmJjMn6edLhm1IqhI0g1d7cS2keN1LqI8i6EYP7lRVI7LQXnpeD2rFi+f5rGkYNDOIITCOACynADFagCBQHP8Apv3oP34r17H9PWJW8W4QH8gff5A64lkDc=</latexit>

�1

<latexit sha1_base64="Fwlj5TNjMjNrJgTw7mgnVOmdkb0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGUY8BD3qMYB6YLKF3MpsMmdldZ2aFsAT8Bi8eFPHq73jzb5w8DppY0FBUddPdFSSCa+O6305uZXVtfSO/Wdja3tndK+4fNHScKsrqNBaxagWomeARqxtuBGsliqEMBGsGw6uJ33xkSvM4ujOjhPkS+xEPOUVjpVbnGqXEbqVbLLlldwqyTLw5KcEctW7xq9OLaSpZZKhArduemxg/Q2U4FWxc6KSaJUiH2GdtSyOUTPvZ9N4xObFKj4SxshUZMlV/T2QotR7JwHZKNAO96E3E/7x2asJLP+NRkhoW0dmiMBXExGTyPOlxxagRI0uQKm5vJXSACqmxERVsCN7iy8ukUSl752Xv9qxUvX+axZGHIziGU/DgAqpwAzWoAwUBz/AKb86D8+K8Ox+z1pwzj/AQ/sD5/AGvqZA4</latexit>

�2

<latexit sha1_base64="HQtMDIj+uhebo8Jm5xQoSXMOiQQ=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48R3ERMljA76U2GzMwuM7NCCAH/wIsHRbz6Qd78GyePgyYWNBRV3XR3xZngxvr+t1dYWV1b3yhulra2d3b3yvsHDZPmmmHIUpHq+5gaFFxhaLkVeJ9ppDIW2IwH1xO/+Yja8FTd2WGGkaQ9xRPOqHVS2JZ5J+iUK37Vn4Isk2BOKjBHvVP+andTlktUlglqTCvwMxuNqLacCRyX2rnBjLIB7WHLUUUlmmg0PXZMTpzSJUmqXSlLpurviRGVxgxl7DoltX2z6E3E/7xWbpOraMRVlltUbLYoyQWxKZl8TrpcI7Ni6AhlmrtbCetTTZl1+ZRcCMHiy8ukcVYNLqrB7Xml9vA0i6MIR3AMpxDAJdTgBuoQAgMOz/AKb57yXrx372PWWvDmER7CH3ifP7OKjxg=</latexit>µ1
<latexit sha1_base64="3FOUNTNOXJaJ2pKcMPpCdCrjZUs=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY8BLx4juEkwWcLsZDYZMjO7zEMIS8A/8OJBEa9+kDf/xsnjoIkFDUVVN91dccaZNr7/7RXW1jc2t4rbpZ3dvf2D8uFRU6dWERqSlKeqHWNNOZM0NMxw2s4UxSLmtBWPbqZ+65EqzVJ5b8YZjQQeSJYwgo2Twq6wvVqvXPGr/gxolQQLUoEFGr3yV7efEiuoNIRjrTuBn5kox8owwumk1LWaZpiM8IB2HJVYUB3ls2Mn6MwpfZSkypU0aKb+nsix0HosYtcpsBnqZW8q/ud1rEmuo5zJzBoqyXxRYjkyKZp+jvpMUWL42BFMFHO3IjLEChPj8im5EILll1dJs1YNLqvB3UWl/vA0j6MIJ3AK5xDAFdThFhoQAgEGz/AKb570Xrx372PeWvAWER7DH3ifP7UOjxk=</latexit>µ2

This incredibly naïve notion of classical explanation 
is equivalent to noncontextuality!
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GPT processes

GPT systems classical systems 
(random variables)

ontological 
representation

<latexit sha1_base64="MUbNEBHw+O/u4A9HqSMi37sdnl4=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48R8sJkCbOzs8mQ2dllplcIS8Cf8OJBEa9+jTf/xsnjoIkFDUVVN91dQSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3U799iPXRiSqgeOU+zEdKBEJRtFK3R4KGfK8Mel7/XLFrbozkFXiLUgFFqj3y1+9MGFZzBUySY3pem6Kfk41Cib5pNTLDE8pG9EB71qqaMyNn89OnpAzq4QkSrQthWSm/p7IaWzMOA5sZ0xxaJa9qfif180wuvFzodIMuWLzRVEmCSZk+j8JheYM5dgSyrSwtxI2pJoytCmVbAje8surpHVR9a6q3v1lpfbwNI+jCCdwCufgwTXU4A7q0AQGCTzDK7w56Lw4787HvLXgLCI8hj9wPn8AZ+WR0A==</latexit>

T̃1

<latexit sha1_base64="j3vdfojzCp7j5EjF/YZj4Rq11iI=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWOEvDBZwuzsbDJkdnaZ6RXCEvAnvHhQxKtf482/cfI4aGJBQ1HVTXdXkEph0HW/nbX1jc2t7cJOcXdv/+CwdHTcMkmmGW+yRCa6E1DDpVC8iQIl76Sa0ziQvB2Mbqd++5FrIxLVwHHK/ZgOlIgEo2ilbg+FDHnemPSr/VLZrbgzkFXiLUgZFqj3S1+9MGFZzBUySY3pem6Kfk41Cib5pNjLDE8pG9EB71qqaMyNn89OnpBzq4QkSrQthWSm/p7IaWzMOA5sZ0xxaJa9qfif180wuvFzodIMuWLzRVEmCSZk+j8JheYM5dgSyrSwtxI2pJoytCkVbQje8surpFWteFcV7/6yXHt4msdRgFM4gwvw4BpqcAd1aAKDBJ7hFd4cdF6cd+dj3rrmLCI8gT9wPn8AaWmR0Q==</latexit>

T̃2

<latexit sha1_base64="Nx+VMZhoL5Of8WOjyS5FPe4LmAM=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYhA8hd0g6jHgxWNE88BkCbOzvcmQ2ZllplcIS8Cf8OJBEa9+jTf/xsnjoIkFDUVVN91dYSq4Qc/7dlZW19Y3Ngtbxe2d3b390sFh06hMM2gwJZRuh9SA4BIayFFAO9VAk1BAKxxeT/zWI2jDlbzHUQpBQvuSx5xRtFKni1xEkN+Ne9VeqexVvCncZeLPSZnMUe+VvrqRYlkCEpmgxnR8L8Ugpxo5EzAudjMDKWVD2oeOpZImYIJ8evLYPbVK5MZK25LoTtXfEzlNjBkloe1MKA7MojcR//M6GcZXQc5lmiFINlsUZ8JF5U7+dyOugaEYWUKZ5vZWlw2opgxtSkUbgr/48jJpViv+RcW/PS/XHp5mcRTIMTkhZ8Qnl6RGbkidNAgjijyTV/LmoPPivDsfs9YVZx7hEfkD5/MHZ+KR0A==</latexit>

S̃2

<latexit sha1_base64="W+tNUh3glyCUW4yLwgMyuvVc5fo=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48RzQOTJczOziZDZmeXmV4hLAF/wosHRbz6Nd78GyePgyYWNBRV3XR3BakUBl332ymsrK6tbxQ3S1vbO7t75f2DpkkyzXiDJTLR7YAaLoXiDRQoeTvVnMaB5K1geD3xW49cG5Goexyl3I9pX4lIMIpW6nRRyJDnd+Oe1ytX3Ko7BVkm3pxUYI56r/zVDROWxVwhk9SYjuem6OdUo2CSj0vdzPCUsiHt846lisbc+Pn05DE5sUpIokTbUkim6u+JnMbGjOLAdsYUB2bRm4j/eZ0Moys/FyrNkCs2WxRlkmBCJv+TUGjOUI4soUwLeythA6opQ5tSyYbgLb68TJpnVe+i6t2eV2oPT7M4inAEx3AKHlxCDW6gDg1gkMAzvMKbg86L8+58zFoLzjzCQ/gD5/MHZl6Rzw==</latexit>

S̃1 <latexit sha1_base64="Nx+VMZhoL5Of8WOjyS5FPe4LmAM=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYhA8hd0g6jHgxWNE88BkCbOzvcmQ2ZllplcIS8Cf8OJBEa9+jTf/xsnjoIkFDUVVN91dYSq4Qc/7dlZW19Y3Ngtbxe2d3b390sFh06hMM2gwJZRuh9SA4BIayFFAO9VAk1BAKxxeT/zWI2jDlbzHUQpBQvuSx5xRtFKni1xEkN+Ne9VeqexVvCncZeLPSZnMUe+VvrqRYlkCEpmgxnR8L8Ugpxo5EzAudjMDKWVD2oeOpZImYIJ8evLYPbVK5MZK25LoTtXfEzlNjBkloe1MKA7MojcR//M6GcZXQc5lmiFINlsUZ8JF5U7+dyOugaEYWUKZ5vZWlw2opgxtSkUbgr/48jJpViv+RcW/PS/XHp5mcRTIMTkhZ8Qnl6RGbkidNAgjijyTV/LmoPPivDsfs9YVZx7hEfkD5/MHZ+KR0A==</latexit>

S̃2

<latexit sha1_base64="+hXIR1IG65mTeVAiyajoxor/iDo=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeACB4jmAcmS5idnU2GzM4uM71CWAL+hBcPinj1a7z5N04eB00saCiquunuClIpDLrut1NYWV1b3yhulra2d3b3yvsHTZNkmvEGS2Si2wE1XArFGyhQ8naqOY0DyVvB8Hritx65NiJR9zhKuR/TvhKRYBSt1OmikCHPb8Y9r1euuFV3CrJMvDmpwBz1XvmrGyYsi7lCJqkxHc9N0c+pRsEkH5e6meEpZUPa5x1LFY258fPpyWNyYpWQRIm2pZBM1d8TOY2NGcWB7YwpDsyiNxH/8zoZRld+LlSaIVdstijKJMGETP4nodCcoRxZQpkW9lbCBlRThjalkg3BW3x5mTTPqt5F1bs7r9QenmZxFOEIjuEUPLiEGtxCHRrAIIFneIU3B50X5935mLUWnHmEh/AHzucPUPyRwQ==</latexit>

Ẽ1

<latexit sha1_base64="EcJUE4a9BWAgXpyBUg18zuv0zOs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cKpi22oWy2m3bpZhN2J2IJBf+BFw+KePUHefPfuP04aOuDgcd7M8zMC1MpDLrut1NYWV1b3yhulra2d3b3yvsHDZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJ74zQeujUjUHY5SHsS0r0QkGEUr+Z1H0fW65Ypbdacgy8SbkwrMUe+Wvzq9hGUxV8gkNabtuSkGOdUomOTjUiczPKVsSPu8bamiMTdBPj12TE6s0iNRom0pJFP190ROY2NGcWg7Y4oDs+hNxP+8dobRVZALlWbIFZstijJJMCGTz0lPaM5QjiyhTAt7K2EDqilDm0/JhuAtvrxMGmdV76Lq3Z5XavdPsziKcATHcAoeXEINbqAOPjAQ8Ayv8OYo58V5dz5mrQVnHuEh/IHz+QOyD48X</latexit>

⇠1

<latexit sha1_base64="eMPHHG8d3cDlDnvLF7rIBzMIhLE=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjwoMcI5oHJEnonk2TIzOw6MyuEJeA3ePGgiFd/x5t/4+Rx0MSChqKqm+6uKBHcWN//9paWV1bX1nMb+c2t7Z3dwt5+zcSppqxKYxHrRoSGCa5Y1XIrWCPRDGUkWD0aXI39+iPThsfqzg4TFkrsKd7lFK2TGq1rlBLbQbtQ9Ev+BGSRBDNShBkq7cJXqxPTVDJlqUBjmoGf2DBDbTkVbJRvpYYlSAfYY01HFUpmwmxy74gcO6VDurF2pSyZqL8nMpTGDGXkOiXavpn3xuJ/XjO13csw4ypJLVN0uqibCmJjMn6edLhm1IqhI0g1d7cS2keN1LqI8i6EYP7lRVI7LQXnpeD2rFi+f5rGkYNDOIITCOACynADFagCBQHP8Apv3oP34r17H9PWJW8W4QH8gff5A64lkDc=</latexit>

�1

<latexit sha1_base64="Fwlj5TNjMjNrJgTw7mgnVOmdkb0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGUY8BD3qMYB6YLKF3MpsMmdldZ2aFsAT8Bi8eFPHq73jzb5w8DppY0FBUddPdFSSCa+O6305uZXVtfSO/Wdja3tndK+4fNHScKsrqNBaxagWomeARqxtuBGsliqEMBGsGw6uJ33xkSvM4ujOjhPkS+xEPOUVjpVbnGqXEbqVbLLlldwqyTLw5KcEctW7xq9OLaSpZZKhArduemxg/Q2U4FWxc6KSaJUiH2GdtSyOUTPvZ9N4xObFKj4SxshUZMlV/T2QotR7JwHZKNAO96E3E/7x2asJLP+NRkhoW0dmiMBXExGTyPOlxxagRI0uQKm5vJXSACqmxERVsCN7iy8ukUSl752Xv9qxUvX+axZGHIziGU/DgAqpwAzWoAwUBz/AKb86D8+K8Ox+z1pwzj/AQ/sD5/AGvqZA4</latexit>

�2

<latexit sha1_base64="HQtMDIj+uhebo8Jm5xQoSXMOiQQ=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48R3ERMljA76U2GzMwuM7NCCAH/wIsHRbz6Qd78GyePgyYWNBRV3XR3xZngxvr+t1dYWV1b3yhulra2d3b3yvsHDZPmmmHIUpHq+5gaFFxhaLkVeJ9ppDIW2IwH1xO/+Yja8FTd2WGGkaQ9xRPOqHVS2JZ5J+iUK37Vn4Isk2BOKjBHvVP+andTlktUlglqTCvwMxuNqLacCRyX2rnBjLIB7WHLUUUlmmg0PXZMTpzSJUmqXSlLpurviRGVxgxl7DoltX2z6E3E/7xWbpOraMRVlltUbLYoyQWxKZl8TrpcI7Ni6AhlmrtbCetTTZl1+ZRcCMHiy8ukcVYNLqrB7Xml9vA0i6MIR3AMpxDAJdTgBuoQAgMOz/AKb57yXrx372PWWvDmER7CH3ifP7OKjxg=</latexit>µ1
<latexit sha1_base64="3FOUNTNOXJaJ2pKcMPpCdCrjZUs=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY8BLx4juEkwWcLsZDYZMjO7zEMIS8A/8OJBEa9+kDf/xsnjoIkFDUVVN91dccaZNr7/7RXW1jc2t4rbpZ3dvf2D8uFRU6dWERqSlKeqHWNNOZM0NMxw2s4UxSLmtBWPbqZ+65EqzVJ5b8YZjQQeSJYwgo2Twq6wvVqvXPGr/gxolQQLUoEFGr3yV7efEiuoNIRjrTuBn5kox8owwumk1LWaZpiM8IB2HJVYUB3ls2Mn6MwpfZSkypU0aKb+nsix0HosYtcpsBnqZW8q/ud1rEmuo5zJzBoqyXxRYjkyKZp+jvpMUWL42BFMFHO3IjLEChPj8im5EILll1dJs1YNLqvB3UWl/vA0j6MIJ3AK5xDAFdThFhoQAgEGz/AKb570Xrx372PeWvAWER7DH3ifP7UOjxk=</latexit>µ2

Such representations ARE always possible if you 
allow “the probabilities to go negative”.
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Quasi(sub)Stochastic processes



Quasiprobability representation: a map from density operators and 
POVM elements to real functions over some space of classical states

Hence a nonnegative quasiprobability representation 
is exactly the same thing as an OM of a GPT

e.g. the Wigner function:

arxiv:2005.07161
98

https://arxiv.org/abs/2005.07161


In summary: consider an operational theory and the GPT associated to 
it (by quotienting with respect to operational equivalences)

The operational scenario is classically-explainable if and 
only if
1. it admits of a noncontextual ontological model
2. its GPT admits of any ontological model
3. its GPT admits of a simplex-embedding
4. its GPT admits of a nonnegative quasiprobability

representation

These are equivalent notions of classicality!

arXiv:1911.10386
arxiv:2005.07161
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https://arxiv.org/abs/1911.10386v2
https://arxiv.org/abs/2005.07161
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Systematically deriving 
noncontextuality inequalities

David Schmid

Solstice of Foundations 2022
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Let’s consider a particular prepare-measure scenario, 
and let’s derive noncontextuality inequalities for it.



example: state discrimination
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example: state discrimination
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Prob. of successful 
discrimination in QT
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Prob. of successful 
discrimination in QT
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Confusability

Prob. of successful 
discrimination in QT
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Confusability

Prob. of successful 
discrimination in QT
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Confusability

Prob. of successful 
discrimination in QT

Operational equivalence:

Noncontextuality:
<latexit sha1_base64="eKZwqBzB3ee/tSSQOyxsWnIYvAo="></latexit>

1

2
µ�(�) +

1

2
µ�̄(�) =

1

2
µ (�) +

1

2
µ ̄(�)

What are the consequences of this constraint?
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9

For this 9-parameter problem, the algorithm we
describe in Appendix B gives the full set of necessary and
su�cient noncontextuality inequalities, which we list in
Appendix D. For now, however, we consider a special case
with just three parameters, which captures the essence of
minimum error state discrimination. Namely, we assume
symmetries that parallel those in the ideal quantum case:

s ⌘ p(g�|Md, P�) = 1� p(g�|Md, P ) (31)

= p(g�̄|Md, P�̄) = 1� p(g�̄|Md, P ̄),

c ⌘ p(�|M�, P ) = p( |M , P�), (32)

= p(�̄|M�̄, P ̄) = p( ̄|M ̄, P�̄)

and

1� ✏ ⌘ p( |M , P ) = p(�|M�, P�) (33)

= p( ̄|M ̄, P ̄) = p(�̄|M�̄, P�̄).

We have denoted the three remaining free parameters
by s, c, and 1 � ✏, paralleling their ideal quantum
counterparts, sq, cq, and 1, respectively. Just like the
operational equivalence, these symmetries will never hold
exactly for the primary procedures, but we can enforce
them while choosing secondary procedures, as discussed
in Section VI.

The notation P�, P , P�̄, P ̄, M�, M , and Md will
henceforth be used to denote the secondary procedures,
for which the operational equivalence and symmetries are
exact.

The resulting data table, Table II, is similar to the ideal
scenario of Table I, but contains the noise parameter ✏
(1� ✏) in place of the probability 0 (1).

P� P P�̄ P ̄

�|M� 1� ✏ c ✏ 1� c

 |M c 1� ✏ 1� c ✏

g�|Md s 1� s 1� s s

TABLE II. Data table for our operational scenario.

Note that for each row, the entries in the P� and
P�̄ (or P and P ̄) columns average to 1

2 . Here,
this follows from the assumed symmetries, not from
the operational equivalence (which specifies that they
average to the same value, not necessarily 1

2 ); in Table I,
the same averaging property is implied by the operational
equivalence to the maximally mixed quantum state in
Eq. (12) (and redundantly implied by these symmetries).

Finally, we assume that the measurements and
outcomes are labeled in the natural way; e.g., the
outcome of M� that is more likely to occur given the
preparation P� is � rather than �̄, etc. Then, the data
satisfies the constraint that

✏  c  1� ✏. (34)

V. NONCONTEXTUALITY INEQUALITIES
FOR MESD

The operational equivalence relation of Eq. (30)
together with the assumption of preparation
noncontextuality implies via Eq. (7) that

1

2
µP�(�) +

1

2
µP�̄(�) =

1

2
µP (�) +

1

2
µP ̄ (�), (35)

where we have again used the fact that convex mixtures
of preparations are represented in an ontological model
by the corresponding mixture of epistemic states. The
fact that the ontological model must reproduce Table II
implies constraints analogous to Eqs. (13)-(15) and their
kin.
As we prove in Appendix B, the tradeo↵ between s,

c, and ✏ in any noncontextual model of our operational
scenario must satisfy

s  1� c� ✏

2
. (36)

In Appendix C, we show that quantum theory allows a
tradeo↵ of

s =
1

2
(1 +

q
1� ✏+ 2

p
✏(1� ✏)c(c� 1) + c(2✏� 1)).

(37)
Thus quantum theory predicts a higher state
discrimination success rate for any given c and ✏
than a noncontextual model allows. One easily verifies
that Eq. (36) reduces to Eq. (17) in the limit of ✏ ! 0,
and that Eq. (37) reduces to Eq. (11) in the same limit.
It is an open question whether Eq. (37) is the optimal
tradeo↵ that quantum theory allows. We conjecture
that it is optimal in two dimensions.
The NC and quantum tradeo↵s are shown in

Fig. 5. The purple surface represents the triples (s, c, ✏)
saturating the inequality of Eq. (36), while the light blue
surface represents the triples (s, c, ✏) corresponding to the
quantum success rate of Eq. (37).
If an experiment generates data having the form

of Table II and satisfying Eq. (30), and it is found
to lie above the purple shaded surface, then one has
experimental evidence for the failure of noncontextuality.
This evidence is independent of the validity of quantum
theory, and signals a contextual advantage for state
discrimination, even when one’s preparations and
measurements are imperfect.

A. Understanding the quantum and NC bounds

For both quantum and noncontextual models, we
adopt the natural labeling convention described above
Eq. (34), so that all operational data necessarily satisfies
✏  c  1�✏. In the c�✏ plane of Fig. 5, these constraints
describe a triangular wedge which points into the page.
In the plane with ✏ = 0, Section A provides an intuitive

explanation for the tradeo↵ relation.

0

01

1

Empirical Quantities

What are the consequences of this constraint?
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Noncontextuality implies

What are the consequences of this constraint?
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Derivation of this NC inequality
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<latexit sha1_base64="vK/CDOIwfoHim8P1ZnB5MbyMxOY=">AAACA3icbVDLSsNAFL3xWesr6k43g0Wom5KIqMuiG5cV7AOaECaTSTt08mBmIpZYcOOvuHGhiFt/wp1/46TtQlsPXO7hnHuZucdPOZPKsr6NhcWl5ZXV0lp5fWNza9vc2W3JJBOENknCE9HxsaScxbSpmOK0kwqKI5/Ttj+4Kvz2HRWSJfGtGqbUjXAvZiEjWGnJM/ede+blTtpnD5de0UZVh+v1AB97ZsWqWWOgeWJPSQWmaHjmlxMkJItorAjHUnZtK1VujoVihNNR2ckkTTEZ4B7tahrjiEo3H98wQkdaCVCYCF2xQmP190aOIymHka8nI6z6ctYrxP+8bqbCCzdncZopGpPJQ2HGkUpQEQgKmKBE8aEmmAim/4pIHwtMlI6trEOwZ0+eJ62Tmn1Ws29OK/VefRJHCQ7gEKpgwznU4Roa0AQCj/AMr/BmPBkvxrvxMRldMKYR7sEfGJ8/BkSYEw==</latexit>

⇠�|B�
(�)

<latexit sha1_base64="EHZ97NeNng9cBGivoTQK0ytnYXg=">AAACAnicbVDLSsNAFL3xWesr6krcDBahbkoioi6LblxWsA9oQphMJunQyYOZiVhiceOvuHGhiFu/wp1/4/Sx0NYDFw7n3Mu99/gZZ1JZ1rexsLi0vLJaWiuvb2xubZs7uy2Z5oLQJkl5Kjo+lpSzhDYVU5x2MkFx7HPa9vtXI799R4VkaXKrBhl1YxwlLGQEKy155r5zz7wi8pysxx4uvWBYdbieDvCxZ1asmjUGmif2lFRgioZnfjlBSvKYJopwLGXXtjLlFlgoRjgdlp1c0gyTPo5oV9MEx1S6xfiFITrSSoDCVOhKFBqrvycKHEs5iH3dGWPVk7PeSPzP6+YqvHALlmS5ogmZLApzjlSKRnmggAlKFB9ogolg+lZEelhgonRqZR2CPfvyPGmd1Oyzmn1zWqlH9UkcJTiAQ6iCDedQh2toQBMIPMIzvMKb8WS8GO/Gx6R1wZhGuAd/YHz+ACgul5Y=</latexit>

⇠g�|Bd
(�)

<latexit sha1_base64="P0qJ5cPqm7v71mpoXTU5VtB7b04=">AAACA3icbVDLSsNAFL3xWesr6k43g0Wom5KIqMuiG5cV7AOaECaTSTt08mBmIpZYcOOvuHGhiFt/wp1/46TtQlsPXO7hnHuZucdPOZPKsr6NhcWl5ZXV0lp5fWNza9vc2W3JJBOENknCE9HxsaScxbSpmOK0kwqKI5/Ttj+4Kvz2HRWSJfGtGqbUjXAvZiEjWGnJM/ede+blTirZw6VXtFHV4Xo9wMeeWbFq1hhonthTUoEpGp755QQJySIaK8KxlF3bSpWbY6EY4XRUdjJJU0wGuEe7msY4otLNxzeM0JFWAhQmQles0Fj9vZHjSMph5OvJCKu+nPUK8T+vm6nwws1ZnGaKxmTyUJhxpBJUBIICJihRfKgJJoLpvyLSxwITpWMr6xDs2ZPnSeukZp/V7JvTSr1Xn8RRggM4hCrYcA51uIYGNIHAIzzDK7wZT8aL8W58TEYXjGmEe/AHxucPKNuYKQ==</latexit>

⇠ |B (�)

Each ontic state must (at a minimum) specify the probability 
of each outcome for the measurements under consideration:
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<latexit sha1_base64="vK/CDOIwfoHim8P1ZnB5MbyMxOY=">AAACA3icbVDLSsNAFL3xWesr6k43g0Wom5KIqMuiG5cV7AOaECaTSTt08mBmIpZYcOOvuHGhiFt/wp1/46TtQlsPXO7hnHuZucdPOZPKsr6NhcWl5ZXV0lp5fWNza9vc2W3JJBOENknCE9HxsaScxbSpmOK0kwqKI5/Ttj+4Kvz2HRWSJfGtGqbUjXAvZiEjWGnJM/ede+blTtpnD5de0UZVh+v1AB97ZsWqWWOgeWJPSQWmaHjmlxMkJItorAjHUnZtK1VujoVihNNR2ckkTTEZ4B7tahrjiEo3H98wQkdaCVCYCF2xQmP190aOIymHka8nI6z6ctYrxP+8bqbCCzdncZopGpPJQ2HGkUpQEQgKmKBE8aEmmAim/4pIHwtMlI6trEOwZ0+eJ62Tmn1Ws29OK/VefRJHCQ7gEKpgwznU4Roa0AQCj/AMr/BmPBkvxrvxMRldMKYR7sEfGJ8/BkSYEw==</latexit>

⇠�|B�
(�)

<latexit sha1_base64="EHZ97NeNng9cBGivoTQK0ytnYXg=">AAACAnicbVDLSsNAFL3xWesr6krcDBahbkoioi6LblxWsA9oQphMJunQyYOZiVhiceOvuHGhiFu/wp1/4/Sx0NYDFw7n3Mu99/gZZ1JZ1rexsLi0vLJaWiuvb2xubZs7uy2Z5oLQJkl5Kjo+lpSzhDYVU5x2MkFx7HPa9vtXI799R4VkaXKrBhl1YxwlLGQEKy155r5zz7wi8pysxx4uvWBYdbieDvCxZ1asmjUGmif2lFRgioZnfjlBSvKYJopwLGXXtjLlFlgoRjgdlp1c0gyTPo5oV9MEx1S6xfiFITrSSoDCVOhKFBqrvycKHEs5iH3dGWPVk7PeSPzP6+YqvHALlmS5ogmZLApzjlSKRnmggAlKFB9ogolg+lZEelhgonRqZR2CPfvyPGmd1Oyzmn1zWqlH9UkcJTiAQ6iCDedQh2toQBMIPMIzvMKb8WS8GO/Gx6R1wZhGuAd/YHz+ACgul5Y=</latexit>

⇠g�|Bd
(�)

<latexit sha1_base64="P0qJ5cPqm7v71mpoXTU5VtB7b04=">AAACA3icbVDLSsNAFL3xWesr6k43g0Wom5KIqMuiG5cV7AOaECaTSTt08mBmIpZYcOOvuHGhiFt/wp1/46TtQlsPXO7hnHuZucdPOZPKsr6NhcWl5ZXV0lp5fWNza9vc2W3JJBOENknCE9HxsaScxbSpmOK0kwqKI5/Ttj+4Kvz2HRWSJfGtGqbUjXAvZiEjWGnJM/ede+blTirZw6VXtFHV4Xo9wMeeWbFq1hhonthTUoEpGp755QQJySIaK8KxlF3bSpWbY6EY4XRUdjJJU0wGuEe7msY4otLNxzeM0JFWAhQmQles0Fj9vZHjSMph5OvJCKu+nPUK8T+vm6nwws1ZnGaKxmTyUJhxpBJUBIICJihRfKgJJoLpvyLSxwITpWMr6xDs2ZPnSeukZp/V7JvTSr1Xn8RRggM4hCrYcA51uIYGNIHAIzzDK7wZT8aL8W58TEYXjGmEe/AHxucPKNuYKQ==</latexit>

⇠ |B (�)

<latexit sha1_base64="RfvjY4ucMjcLLx1goMCu/CY/zuY=">AAACQHicbZDNS8MwGMbT+TXnV9Wjl+AQNpDRiqjHMS8eJ7gPWEtJ02wLS9OSpOKo/dO8+Cd48+zFgyJePZltBXXzhZCH5/e++Xj8mFGpLOvZKCwtr6yuFddLG5tb2zvm7l5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv7ocsI7t0RIGvEbNY6JG6IBp32KkdKWZ3Yqzh31Uice0vvGbM+yisP0CQGqHudQ5lAuwkE+pBuCH1b1zLJVs6YFF4WdizLIq+mZT04Q4SQkXGGGpOzZVqzcFAlFMSNZyUkkiREeoQHpaclRSKSbTgPI4JF2AtiPhF5cwan7eyJFoZTj0NedIVJDOc8m5n+sl6j+hZtSHieKcDy7qJ8wqCI4SRMGVBCs2FgLhAXVb4V4iATCSmde0iHY819eFO2Tmn1Ws69Py/VGHkcRHIBDUAE2OAd1cAWaoAUweAAv4A28G4/Gq/FhfM5aC0Y+sw/+lPH1DQ2AsTY=</latexit>

(⇠�|B�(�), ⇠ |B (�), ⇠g�|Bd
(�))

For our scenario, these are the only 
features of an ontic state that matter

…so we can assume wlog a continuously infinite 
ontic state space isomorphic to the unit cube:

<latexit sha1_base64="8K1uE5+XHrdoSGFKVSzg5Y7nM/w=">AAACAXicbVA9SwNBEN2LXzF+ndoINotBsAp3ImoZsLGMYBIhd4S9vUmyZO+D3TkxHLHxr9hYKGLrv7Dz37i5pNDEBwOP92Z2dl6QSqHRcb6t0tLyyupaeb2ysbm1vWPv7rV0kikOTZ7IRN0FTIMUMTRRoIS7VAGLAgntYHg18dv3oLRI4lscpeBHrB+LnuAMjdS1DzyEByzeyQOZwZh60kyHrGtXnZpTgC4Sd0aqZIZG1/7ywoRnEcTIJdO64zop+jlTKLiEccXLNKSMD1kfOobGLALt58XmMT02Skh7iTIVIy3U3xM5i7QeRYHpjBgO9Lw3Ef/zOhn2Lv1cxGmGEPPpol4mKSZ0EgcNhQKOcmQI40qYv1I+YIpxNKFVTAju/MmLpHVac89r7s1Ztd6vT+Mok0NyRE6ISy5InVyTBmkSTh7JM3klb9aT9WK9Wx/T1pI1i3Cf/IH1+QNSMZfD</latexit>

�

(probabilistic) measurement assignment

Each ontic state must (at a minimum) specify the probability 
of each outcome for the measurements under consideration:
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each point in the cube is an ontic state; 
each ontic state is fully specified by its 
coordinates: its three probability 
assignments to the three effects



Epistemic states are arbitrary probability 
distributions over the set of points in the cube: response function for Bɸ:

<latexit sha1_base64="8K1uE5+XHrdoSGFKVSzg5Y7nM/w=">AAACAXicbVA9SwNBEN2LXzF+ndoINotBsAp3ImoZsLGMYBIhd4S9vUmyZO+D3TkxHLHxr9hYKGLrv7Dz37i5pNDEBwOP92Z2dl6QSqHRcb6t0tLyyupaeb2ysbm1vWPv7rV0kikOTZ7IRN0FTIMUMTRRoIS7VAGLAgntYHg18dv3oLRI4lscpeBHrB+LnuAMjdS1DzyEByzeyQOZwZh60kyHrGtXnZpTgC4Sd0aqZIZG1/7ywoRnEcTIJdO64zop+jlTKLiEccXLNKSMD1kfOobGLALt58XmMT02Skh7iTIVIy3U3xM5i7QeRYHpjBgO9Lw3Ef/zOhn2Lv1cxGmGEPPpol4mKSZ0EgcNhQKOcmQI40qYv1I+YIpxNKFVTAju/MmLpHVac89r7s1Ztd6vT+Mok0NyRE6ISy5InVyTBmkSTh7JM3klb9aT9WK9Wx/T1pI1i3Cf/IH1+QNSMZfD</latexit>

� <latexit sha1_base64="8K1uE5+XHrdoSGFKVSzg5Y7nM/w=">AAACAXicbVA9SwNBEN2LXzF+ndoINotBsAp3ImoZsLGMYBIhd4S9vUmyZO+D3TkxHLHxr9hYKGLrv7Dz37i5pNDEBwOP92Z2dl6QSqHRcb6t0tLyyupaeb2ysbm1vWPv7rV0kikOTZ7IRN0FTIMUMTRRoIS7VAGLAgntYHg18dv3oLRI4lscpeBHrB+LnuAMjdS1DzyEByzeyQOZwZh60kyHrGtXnZpTgC4Sd0aqZIZG1/7ywoRnEcTIJdO64zop+jlTKLiEccXLNKSMD1kfOobGLALt58XmMT02Skh7iTIVIy3U3xM5i7QeRYHpjBgO9Lw3Ef/zOhn2Lv1cxGmGEPPpol4mKSZ0EgcNhQKOcmQI40qYv1I+YIpxNKFVTAju/MmLpHVac89r7s1Ztd6vT+Mok0NyRE6ISy5InVyTBmkSTh7JM3klb9aT9WK9Wx/T1pI1i3Cf/IH1+QNSMZfD</latexit>

�

<latexit sha1_base64="vK/CDOIwfoHim8P1ZnB5MbyMxOY=">AAACA3icbVDLSsNAFL3xWesr6k43g0Wom5KIqMuiG5cV7AOaECaTSTt08mBmIpZYcOOvuHGhiFt/wp1/46TtQlsPXO7hnHuZucdPOZPKsr6NhcWl5ZXV0lp5fWNza9vc2W3JJBOENknCE9HxsaScxbSpmOK0kwqKI5/Ttj+4Kvz2HRWSJfGtGqbUjXAvZiEjWGnJM/ede+blTtpnD5de0UZVh+v1AB97ZsWqWWOgeWJPSQWmaHjmlxMkJItorAjHUnZtK1VujoVihNNR2ckkTTEZ4B7tahrjiEo3H98wQkdaCVCYCF2xQmP190aOIymHka8nI6z6ctYrxP+8bqbCCzdncZopGpPJQ2HGkUpQEQgKmKBE8aEmmAim/4pIHwtMlI6trEOwZ0+eJ62Tmn1Ws29OK/VefRJHCQ7gEKpgwznU4Roa0AQCj/AMr/BmPBkvxrvxMRldMKYR7sEfGJ8/BkSYEw==</latexit>

⇠�|B�
(�)

1

0
1/3

2/3

We won’t actually work with any such model, though, because we can simplify it wlog.
115

The predictions made by the model are 
<latexit sha1_base64="QymUTH/SGcH3kG9OaYg6F2FBXVI="></latexit>

p(k|M,P ) =

Z

⇤
⇠k|M (�)µP (�)d�

<latexit sha1_base64="EHZ97NeNng9cBGivoTQK0ytnYXg=">AAACAnicbVDLSsNAFL3xWesr6krcDBahbkoioi6LblxWsA9oQphMJunQyYOZiVhiceOvuHGhiFu/wp1/4/Sx0NYDFw7n3Mu99/gZZ1JZ1rexsLi0vLJaWiuvb2xubZs7uy2Z5oLQJkl5Kjo+lpSzhDYVU5x2MkFx7HPa9vtXI799R4VkaXKrBhl1YxwlLGQEKy155r5zz7wi8pysxx4uvWBYdbieDvCxZ1asmjUGmif2lFRgioZnfjlBSvKYJopwLGXXtjLlFlgoRjgdlp1c0gyTPo5oV9MEx1S6xfiFITrSSoDCVOhKFBqrvycKHEs5iH3dGWPVk7PeSPzP6+YqvHALlmS5ogmZLApzjlSKRnmggAlKFB9ogolg+lZEelhgonRqZR2CPfvyPGmd1Oyzmn1zWqlH9UkcJTiAQ6iCDedQh2toQBMIPMIzvMKb8WS8GO/Gx6R1wZhGuAd/YHz+ACgul5Y=</latexit>

⇠g�|Bd
(�)

<latexit sha1_base64="P0qJ5cPqm7v71mpoXTU5VtB7b04=">AAACA3icbVDLSsNAFL3xWesr6k43g0Wom5KIqMuiG5cV7AOaECaTSTt08mBmIpZYcOOvuHGhiFt/wp1/46TtQlsPXO7hnHuZucdPOZPKsr6NhcWl5ZXV0lp5fWNza9vc2W3JJBOENknCE9HxsaScxbSpmOK0kwqKI5/Ttj+4Kvz2HRWSJfGtGqbUjXAvZiEjWGnJM/ede+blTirZw6VXtFHV4Xo9wMeeWbFq1hhonthTUoEpGp755QQJySIaK8KxlF3bSpWbY6EY4XRUdjJJU0wGuEe7msY4otLNxzeM0JFWAhQmQles0Fj9vZHjSMph5OvJCKu+nPUK8T+vm6nwws1ZnGaKxmTyUJhxpBJUBIICJihRfKgJJoLpvyLSxwITpWMr6xDs2ZPnSeukZp/V7JvTSr1Xn8RRggM4hCrYcA51uIYGNIHAIzzDK7wZT8aL8W58TEYXjGmEe/AHxucPKNuYKQ==</latexit>

⇠ |B (�)



<latexit sha1_base64="R6G9hykVhAxbESU8Zhg1HH3hUyM=">AAACL3icbVDLSgMxFM34rPU16tJNsAi6KTMi6kYoCuJGqGAf0CnDnTStoZmZkGTEMu0fufFXuhFRxK1/YdqOoK0HAodz7uHmnkBwprTjvFpz8wuLS8u5lfzq2vrGpr21XVVxIgmtkJjHsh6AopxFtKKZ5rQuJIUw4LQWdC9Hfu2BSsXi6E73BG2G0IlYmxHQRvLtK++R+Wm3fzM48LiJteAQn2NPJaGfel0QAgb418hYOcQiY/2fjG8XnKIzBp4lbkYKKEPZt4deKyZJSCNNOCjVcB2hmylIzQing7yXKCqAdKFDG4ZGEFLVTMf3DvC+UVq4HUvzIo3H6u9ECqFSvTAwkyHoezXtjcT/vEai22fNlEUi0TQik0XthGMd41F5uMUkJZr3DAEimfkrJvcggWhTcd6U4E6fPEuqR0X3pOjeHhdKF1kdObSL9tABctEpKqFrVEYVRNATGqI39G49Wy/Wh/U5GZ2zsswO+gPr6xt/96lW</latexit>

⇠k|M (�) =
X



⇠k|M ()p(|�)

We can decompose any measurement assignment (point inside the cube) 
as a convex mixture of deterministic assignments (vertices of the cube).

Label the vertices "1 to "8

e.g. this value assignment would be 
written as a uniform mixture of those 
made by "5 (1,0,0) and "6 (1,0,1)

Define a new model with just 8 ontic states (the "’s) 

<latexit sha1_base64="vK/CDOIwfoHim8P1ZnB5MbyMxOY=">AAACA3icbVDLSsNAFL3xWesr6k43g0Wom5KIqMuiG5cV7AOaECaTSTt08mBmIpZYcOOvuHGhiFt/wp1/46TtQlsPXO7hnHuZucdPOZPKsr6NhcWl5ZXV0lp5fWNza9vc2W3JJBOENknCE9HxsaScxbSpmOK0kwqKI5/Ttj+4Kvz2HRWSJfGtGqbUjXAvZiEjWGnJM/ede+blTtpnD5de0UZVh+v1AB97ZsWqWWOgeWJPSQWmaHjmlxMkJItorAjHUnZtK1VujoVihNNR2ckkTTEZ4B7tahrjiEo3H98wQkdaCVCYCF2xQmP190aOIymHka8nI6z6ctYrxP+8bqbCCzdncZopGpPJQ2HGkUpQEQgKmKBE8aEmmAim/4pIHwtMlI6trEOwZ0+eJ62Tmn1Ws29OK/VefRJHCQ7gEKpgwznU4Roa0AQCj/AMr/BmPBkvxrvxMRldMKYR7sEfGJ8/BkSYEw==</latexit>

⇠�|B�
(�)

<latexit sha1_base64="EHZ97NeNng9cBGivoTQK0ytnYXg=">AAACAnicbVDLSsNAFL3xWesr6krcDBahbkoioi6LblxWsA9oQphMJunQyYOZiVhiceOvuHGhiFu/wp1/4/Sx0NYDFw7n3Mu99/gZZ1JZ1rexsLi0vLJaWiuvb2xubZs7uy2Z5oLQJkl5Kjo+lpSzhDYVU5x2MkFx7HPa9vtXI799R4VkaXKrBhl1YxwlLGQEKy155r5zz7wi8pysxx4uvWBYdbieDvCxZ1asmjUGmif2lFRgioZnfjlBSvKYJopwLGXXtjLlFlgoRjgdlp1c0gyTPo5oV9MEx1S6xfiFITrSSoDCVOhKFBqrvycKHEs5iH3dGWPVk7PeSPzP6+YqvHALlmS5ogmZLApzjlSKRnmggAlKFB9ogolg+lZEelhgonRqZR2CPfvyPGmd1Oyzmn1zWqlH9UkcJTiAQ6iCDedQh2toQBMIPMIzvMKb8WS8GO/Gx6R1wZhGuAd/YHz+ACgul5Y=</latexit>

⇠g�|Bd
(�)

<latexit sha1_base64="P0qJ5cPqm7v71mpoXTU5VtB7b04=">AAACA3icbVDLSsNAFL3xWesr6k43g0Wom5KIqMuiG5cV7AOaECaTSTt08mBmIpZYcOOvuHGhiFt/wp1/46TtQlsPXO7hnHuZucdPOZPKsr6NhcWl5ZXV0lp5fWNza9vc2W3JJBOENknCE9HxsaScxbSpmOK0kwqKI5/Ttj+4Kvz2HRWSJfGtGqbUjXAvZiEjWGnJM/ede+blTirZw6VXtFHV4Xo9wMeeWbFq1hhonthTUoEpGp755QQJySIaK8KxlF3bSpWbY6EY4XRUdjJJU0wGuEe7msY4otLNxzeM0JFWAhQmQles0Fj9vZHjSMph5OvJCKu+nPUK8T+vm6nwws1ZnGaKxmTyUJhxpBJUBIICJihRfKgJJoLpvyLSxwITpWMr6xDs2ZPnSeukZp/V7JvTSr1Xn8RRggM4hCrYcA51uIYGNIHAIzzDK7wZT8aL8W58TEYXjGmEe/AHxucPKNuYKQ==</latexit>

⇠ |B (�)
(1,0,1/2)

and define a p(!|ƛ) such that
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<latexit sha1_base64="IQX5EIxcau2NCLwbB0utTpp8v/Y="></latexit>

µP () ⌘
Z

⇤
d� p(|�)µP (�)

<latexit sha1_base64="JCTUfgRRsuhK/ORKlG6id71LMcg="></latexit>

p(k|M,P ) =

Z

⇤
⇠k|M (�)µP (�)d� =

Z

⇤

X



⇠k|M ()p(|�)µP (�)d�

this “moves uncertainty from 
the mmts to the prepns (wlog)”

<latexit sha1_base64="VrcDdTGAt5tXw388rAs0pEMjFDs="></latexit>

p(k|M,P ) =

Z

⇤
⇠k|M (�)µP (�)d� =

X



⇠k|M ()µP ()

<latexit sha1_base64="VrcDdTGAt5tXw388rAs0pEMjFDs="></latexit>

p(k|M,P ) =

Z

⇤
⇠k|M (�)µP (�)d� =

X



⇠k|M ()µP ()

<latexit sha1_base64="R6G9hykVhAxbESU8Zhg1HH3hUyM=">AAACL3icbVDLSgMxFM34rPU16tJNsAi6KTMi6kYoCuJGqGAf0CnDnTStoZmZkGTEMu0fufFXuhFRxK1/YdqOoK0HAodz7uHmnkBwprTjvFpz8wuLS8u5lfzq2vrGpr21XVVxIgmtkJjHsh6AopxFtKKZ5rQuJIUw4LQWdC9Hfu2BSsXi6E73BG2G0IlYmxHQRvLtK++R+Wm3fzM48LiJteAQn2NPJaGfel0QAgb418hYOcQiY/2fjG8XnKIzBp4lbkYKKEPZt4deKyZJSCNNOCjVcB2hmylIzQing7yXKCqAdKFDG4ZGEFLVTMf3DvC+UVq4HUvzIo3H6u9ECqFSvTAwkyHoezXtjcT/vEai22fNlEUi0TQik0XthGMd41F5uMUkJZr3DAEimfkrJvcggWhTcd6U4E6fPEuqR0X3pOjeHhdKF1kdObSL9tABctEpKqFrVEYVRNATGqI39G49Wy/Wh/U5GZ2zsswO+gPr6xt/96lW</latexit>

⇠k|M (�) =
X



⇠k|M ()p(|�)
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Wlog, we have converted an outcome-
indeterministic model over a continuum of ontic 
states (the unit cube) to an outcome-deterministic 
model over just 8 ontic states (its vertices)

(1,1,1)

(0,0,1)

(1,0,0)
(0,1,0)

(0,1,1)

(1,1,0)

(1,0,1)

(0,0,0)<latexit sha1_base64="VrcDdTGAt5tXw388rAs0pEMjFDs="></latexit>

p(k|M,P ) =

Z

⇤
⇠k|M (�)µP (�)d� =

X



⇠k|M ()µP ()

<latexit sha1_base64="VrcDdTGAt5tXw388rAs0pEMjFDs="></latexit>

p(k|M,P ) =

Z

⇤
⇠k|M (�)µP (�)d� =

X



⇠k|M ()µP ()
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<latexit sha1_base64="roIniSG7l4mXbFldr1D5r+wzyLI="></latexit>

~⇠�|B�
=

2

66666666664

0
0
0
0
1
1
1
1

3

77777777775

<latexit sha1_base64="593+484yf+wlR83o+pw9NGCDW1s="></latexit>

~⇠ |B =

2

66666666664

0
0
1
1
0
0
1
1

3

77777777775

<latexit sha1_base64="Tj46j45OduF0GyTQvTd/aZiwET4="></latexit>

~⇠g�|Bd
=

2

66666666664

0
1
0
1
0
1
0
1

3

77777777775

8 (deterministic) 
mmt assignments

3 deterministic response functions that make them:

(1,1,1)

(0,0,1)

(1,0,0)
(0,1,0)

(0,1,1)

(1,1,0)

(1,0,1)

(0,0,0)
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each ontic state makes assignments for 3 response functions
each response function makes assignments for 8 ontic states



state 
was 
not ѱ

so one 
should 
always 
guess gɸ

X

<latexit sha1_base64="roIniSG7l4mXbFldr1D5r+wzyLI="></latexit>

~⇠�|B�
=

2

66666666664

0
0
0
0
1
1
1
1

3

77777777775

<latexit sha1_base64="593+484yf+wlR83o+pw9NGCDW1s="></latexit>

~⇠ |B =

2

66666666664

0
0
1
1
0
0
1
1

3

77777777775

<latexit sha1_base64="Tj46j45OduF0GyTQvTd/aZiwET4="></latexit>

~⇠g�|Bd
=

2

66666666664

0
1
0
1
0
1
0
1

3

77777777775state 
was 
not ɸ

_

In fact, if the OM is optimal, then the fourth and fifth value assignments never occur
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<latexit sha1_base64="roIniSG7l4mXbFldr1D5r+wzyLI="></latexit>

~⇠�|B�
=

2

66666666664

0
0
0
0
1
1
1
1

3

77777777775

<latexit sha1_base64="593+484yf+wlR83o+pw9NGCDW1s="></latexit>

~⇠ |B =

2

66666666664

0
0
1
1
0
0
1
1

3

77777777775

<latexit sha1_base64="Tj46j45OduF0GyTQvTd/aZiwET4="></latexit>

~⇠g�|Bd
=

2

66666666664

0
1
0
1
0
1
0
1

3

77777777775

In fact, if the OM is optimal, then the fourth and fifth value assignments never occur

So an optimal model can be taken to have just 6 ontic states, wlog
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<latexit sha1_base64="rwJzYFYR5OpWsGFiPiRO57981R4="></latexit>

~⇠�|B� =

2

6666664

0
0
0
1
1
1

3

7777775
, ~⇠ |B =

2

6666664

0
0
1
0
1
1

3

7777775
, ~⇠g�|Bd

=

2

6666664

0
1
0
1
0
1

3

7777775
.

<latexit sha1_base64="rwJzYFYR5OpWsGFiPiRO57981R4="></latexit>

~⇠�|B� =

2

6666664

0
0
0
1
1
1

3

7777775
, ~⇠ |B =

2

6666664

0
0
1
0
1
1

3

7777775
, ~⇠g�|Bd

=

2

6666664

0
1
0
1
0
1

3

7777775
.

<latexit sha1_base64="rwJzYFYR5OpWsGFiPiRO57981R4="></latexit>

~⇠�|B� =

2

6666664

0
0
0
1
1
1

3

7777775
, ~⇠ |B =

2

6666664

0
0
1
0
1
1

3

7777775
, ~⇠g�|Bd

=

2

6666664

0
1
0
1
0
1

3

7777775
.

Now, let’s parametrize the epistemic states 
as arbitrary probability distributions.
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<latexit sha1_base64="rwJzYFYR5OpWsGFiPiRO57981R4="></latexit>

~⇠�|B� =

2

6666664

0
0
0
1
1
1

3

7777775
, ~⇠ |B =

2

6666664

0
0
1
0
1
1

3

7777775
, ~⇠g�|Bd

=

2

6666664

0
1
0
1
0
1

3

7777775
.

<latexit sha1_base64="rwJzYFYR5OpWsGFiPiRO57981R4="></latexit>

~⇠�|B� =

2

6666664

0
0
0
1
1
1

3

7777775
, ~⇠ |B =

2

6666664

0
0
1
0
1
1

3

7777775
, ~⇠g�|Bd

=

2

6666664

0
1
0
1
0
1

3

7777775
.

<latexit sha1_base64="rwJzYFYR5OpWsGFiPiRO57981R4="></latexit>

~⇠�|B� =

2

6666664

0
0
0
1
1
1

3

7777775
, ~⇠ |B =

2

6666664

0
0
1
0
1
1

3

7777775
, ~⇠g�|Bd

=

2

6666664

0
1
0
1
0
1

3

7777775
.

<latexit sha1_base64="BUUEo8potrT+cA0ebbYPCiwurZc="></latexit>

~µ� =

2

6666664

0
0
0
a4
a5
a6

3

7777775
, ~µ�̄ =

2

6666664

a1
a2
a3
0
0
0

3

7777775
, ~µ =

2

6666664

0
0
b3
0
b5
b6

3

7777775
, ~µ ̄ =

2

6666664

b1
b2
0
b4
0
0

3

7777775
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<latexit sha1_base64="rwJzYFYR5OpWsGFiPiRO57981R4="></latexit>

~⇠�|B� =

2

6666664

0
0
0
1
1
1

3

7777775
, ~⇠ |B =

2

6666664

0
0
1
0
1
1

3

7777775
, ~⇠g�|Bd

=

2

6666664

0
1
0
1
0
1

3

7777775
.

<latexit sha1_base64="rwJzYFYR5OpWsGFiPiRO57981R4="></latexit>

~⇠�|B� =

2

6666664

0
0
0
1
1
1

3

7777775
, ~⇠ |B =

2

6666664

0
0
1
0
1
1

3

7777775
, ~⇠g�|Bd

=

2

6666664

0
1
0
1
0
1

3

7777775
.

<latexit sha1_base64="rwJzYFYR5OpWsGFiPiRO57981R4="></latexit>

~⇠�|B� =

2

6666664

0
0
0
1
1
1

3

7777775
, ~⇠ |B =

2

6666664

0
0
1
0
1
1

3

7777775
, ~⇠g�|Bd

=

2

6666664

0
1
0
1
0
1

3

7777775
.

<latexit sha1_base64="BUUEo8potrT+cA0ebbYPCiwurZc="></latexit>

~µ� =

2

6666664

0
0
0
a4
a5
a6

3

7777775
, ~µ�̄ =

2

6666664

a1
a2
a3
0
0
0

3

7777775
, ~µ =

2

6666664

0
0
b3
0
b5
b6

3

7777775
, ~µ ̄ =

2

6666664

b1
b2
0
b4
0
0

3

7777775
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<latexit sha1_base64="rwJzYFYR5OpWsGFiPiRO57981R4="></latexit>

~⇠�|B� =

2

6666664

0
0
0
1
1
1

3

7777775
, ~⇠ |B =

2

6666664

0
0
1
0
1
1

3

7777775
, ~⇠g�|Bd

=

2

6666664

0
1
0
1
0
1

3

7777775
.

<latexit sha1_base64="rwJzYFYR5OpWsGFiPiRO57981R4="></latexit>

~⇠�|B� =

2

6666664

0
0
0
1
1
1

3

7777775
, ~⇠ |B =

2

6666664

0
0
1
0
1
1

3

7777775
, ~⇠g�|Bd

=

2

6666664

0
1
0
1
0
1

3

7777775
.

<latexit sha1_base64="rwJzYFYR5OpWsGFiPiRO57981R4="></latexit>

~⇠�|B� =

2

6666664

0
0
0
1
1
1

3

7777775
, ~⇠ |B =

2

6666664

0
0
1
0
1
1

3

7777775
, ~⇠g�|Bd

=

2

6666664

0
1
0
1
0
1

3

7777775
.

<latexit sha1_base64="BUUEo8potrT+cA0ebbYPCiwurZc="></latexit>

~µ� =

2

6666664

0
0
0
a4
a5
a6

3

7777775
, ~µ�̄ =

2

6666664

a1
a2
a3
0
0
0

3

7777775
, ~µ =

2

6666664

0
0
b3
0
b5
b6

3

7777775
, ~µ ̄ =

2

6666664

b1
b2
0
b4
0
0

3

7777775

(by the perfect 
predictability of the 
Bѱ and Bɸ mmts)
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<latexit sha1_base64="BUUEo8potrT+cA0ebbYPCiwurZc="></latexit>

~µ� =

2

6666664

0
0
0
a4
a5
a6

3

7777775
, ~µ�̄ =

2

6666664

a1
a2
a3
0
0
0

3

7777775
, ~µ =

2

6666664

0
0
b3
0
b5
b6

3

7777775
, ~µ ̄ =

2

6666664

b1
b2
0
b4
0
0

3

7777775

must be normalized:
<latexit sha1_base64="CHaoCDLdB/ZcGYaaHlXH7Q4b6vc=">AAAB+HicbVBNS8NAEJ34WetHox69LBZBEEoitXoRil48VrAf0Iaw2W7apZtN2N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO822trK6tb2wWtorbO7t7JXv/oKXiVBLaJDGPZSfAinImaFMzzWknkRRHAaftYHQ79duPVCoWiwc9TqgX4YFgISNYG8m3S9ivnmH/wlQNXSPXt8tOxZkBLRM3J2XI0fDtr14/JmlEhSYcK9V1nUR7GZaaEU4nxV6qaILJCA9o11CBI6q8bHb4BJ0YpY/CWJoSGs3U3xMZjpQaR4HpjLAeqkVvKv7ndVMdXnkZE0mqqSDzRWHKkY7RNAXUZ5ISzceGYCKZuRWRIZaYaJNV0YTgLr68TFrnFbdWce+r5fpNHkcBjuAYTsGFS6jDHTSgCQRSeIZXeLOerBfr3fqYt65Y+cwh/IH1+QOyC5Eq</latexit>

a4 + a5 + a6 = 1
(etc)
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<latexit sha1_base64="kZSEQ9Goe9bKgtX912W39s0KQVw="></latexit>

cq = ~µ · ~⇠�|B� = ~µ� · ~⇠ |B = 1� ~µ ̄ · ~⇠�|B� = 1� ~µ�̄ · ~⇠ |B ,

<latexit sha1_base64="LqYn+m89WiW7nussgE9tru0k4MY="></latexit>

sq = ~µ� · ~⇠g�|Bd
= 1� ~µ · ~⇠g�|Bd

= 1� ~µ�̄ · ~⇠g�|Bd
= ~µ ̄ · ~⇠g�|Bd

<latexit sha1_base64="rwJzYFYR5OpWsGFiPiRO57981R4="></latexit>

~⇠�|B� =

2

6666664

0
0
0
1
1
1

3

7777775
, ~⇠ |B =

2

6666664

0
0
1
0
1
1

3

7777775
, ~⇠g�|Bd

=

2

6666664

0
1
0
1
0
1

3

7777775
.

<latexit sha1_base64="rwJzYFYR5OpWsGFiPiRO57981R4="></latexit>

~⇠�|B� =

2

6666664

0
0
0
1
1
1

3

7777775
, ~⇠ |B =

2

6666664

0
0
1
0
1
1

3

7777775
, ~⇠g�|Bd

=

2

6666664

0
1
0
1
0
1

3

7777775
.

<latexit sha1_base64="rwJzYFYR5OpWsGFiPiRO57981R4="></latexit>

~⇠�|B� =

2

6666664

0
0
0
1
1
1

3

7777775
, ~⇠ |B =

2

6666664

0
0
1
0
1
1

3

7777775
, ~⇠g�|Bd

=

2

6666664

0
1
0
1
0
1

3

7777775
.

<latexit sha1_base64="BUUEo8potrT+cA0ebbYPCiwurZc="></latexit>

~µ� =

2

6666664

0
0
0
a4
a5
a6

3

7777775
, ~µ�̄ =

2

6666664

a1
a2
a3
0
0
0

3

7777775
, ~µ =

2

6666664

0
0
b3
0
b5
b6

3

7777775
, ~µ ̄ =

2

6666664

b1
b2
0
b4
0
0

3

7777775

<latexit sha1_base64="oXHgatc77VrsFPcpzfV8nuiZYo8=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvgxjJji7oRim5cVrAPaIchk2ba0ExmTDJCKf0AN/6KGxeKuPUD3Pk3ptNZaOuBkHPPPZfkHj/mTGnb/rZyS8srq2v59cLG5tb2TnF3r6miRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf3g97bceqFQsEnd6FFM3xH3BAkawNpJXLBHvHl0i58T3KumNvWpWV7O6Ylx22U6BFomTkRJkqHvFr24vIklIhSYcK9Vx7Fi7Yyw1I5xOCt1E0RiTIe7TjqECh1S543SZCToySg8FkTRHaJSqvyfGOFRqFPrGGWI9UPO9qfhfr5Po4MIdMxEnmgoyeyhIONIRmiaDekxSovnIEEwkM39FZIAlJtrkVzAhOPMrL5Lmadk5Kzu31VLtKosjDwdwCMfgwDnU4Abq0AACj/AMr/BmPVkv1rv1MbPmrGxmH/7A+vwB9C+Wfg==</latexit>

cq = 1� b3 = 1� a4 = 1� b4 = 1� a3

<latexit sha1_base64="sm6mb5hpHJUO/HeHbukzNj43DlA=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiCxtIorKCxIFSyMRaIPqY0ix3Vaq44TbAepqvoDLPwKCwMIsbKz8Te4aQZoOZJ1j865V9f3+DFnSjvOt5VbWl5ZXcuvFzY2t7Z37N29pooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb84fXUbz1QqVgk7vQopm6I+4IFjGBtJM8+Ut49vISohL0zU2AJ+l41Eypp9T3k2UWn7KSAiwRlpAgy1D37q9uLSBJSoQnHSnWQE2t3jKVmhNNJoZsoGmMyxH3aMVTgkCp3nF4zgcdG6cEgkuYJDVP198QYh0qNQt90hlgP1Lw3Ff/zOokOLtwxE3GiqSCzRUHCoY7gNBrYY5ISzUeGYCKZ+SskAywx0SbAggkBzZ+8SJqVMqqW0e1psXaVxZEHB+AQnAAEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH7PWnJXN7IM/sD5/AGsRlrg=</latexit>

sq = 1� a5 = 1� b6 = 1� a2 = 1� b1

reproducing the empirical predictions:

<latexit sha1_base64="7z4lAQmodWQsK6xwLIwGUpEpSmk=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVZKi1U2h6MZlBfuANoSb6aQdOpmEmUmhhP6JGxeKuPVP3Pk3TtsstPXA5R7OuZe5c4KEM6Ud59sqbGxube8Ud0t7+weHR/bxSVvFqSS0RWIey24AinImaEszzWk3kRSigNNOML6f+50JlYrF4klPE+pFMBQsZAS0kXzbBv+6Hvi1OvhV013s22Wn4iyA14mbkzLK0fTtr/4gJmlEhSYclOq5TqK9DKRmhNNZqZ8qmgAZw5D2DBUQUeVli8tn+MIoAxzG0pTQeKH+3sggUmoaBWYyAj1Sq95c/M/rpTq89TImklRTQZYPhSnHOsbzGPCASUo0nxoCRDJzKyYjkEC0CatkQnBXv7xO2tWKW6u4j1flxl0eRxGdoXN0iVx0gxroATVRCxE0Qc/oFb1ZmfVivVsfy9GCle+coj+wPn8ABxGR+A==</latexit>

a5 = b6 = a2 = b1

<latexit sha1_base64="wdo+bD+yq4at4er7aqCtSd4Db5A=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRa1E2h6MZlBfuANoSb6bQdOpmEmYkQQv0VNy4UceuHuPNvnLZZaOuBezmccy9z5wQxZ0o7zrdVWFvf2Nwqbpd2dvf2D+zDo7aKEkloi0Q8kt0AFOVM0JZmmtNuLCmEAaedYHI78zuPVCoWiQedxtQLYSTYkBHQRvLtcuBf4DoGv2Z64Nfq4F/4dsWpOnPgVeLmpIJyNH37qz+ISBJSoQkHpXquE2svA6kZ4XRa6ieKxkAmMKI9QwWEVHnZ/PgpPjXKAA8jaUpoPFd/b2QQKpWGgZkMQY/VsjcT//N6iR5eexkTcaKpIIuHhgnHOsKzJPCASUo0Tw0BIpm5FZMxSCDa5FUyIbjLX14l7fOqe1l172uVxk0eRxEdoxN0hlx0hRroDjVRCxGUomf0it6sJ+vFerc+FqMFK98poz+wPn8AD5aSdg==</latexit>

b3 = a4 = b4 = a3

hence

hence
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<latexit sha1_base64="HWA82qlNujfGVQIh6sJLzKSLTWA=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgxbJbRL0IRS8eK9gP2C4lm2bb0GyyJrNCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDAR3IDrfjuFldW19Y3iZmlre2d3r7x/0DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD0e3Ubz8xbbiSDzBOWBCTgeQRpwSs5JveI77G3hnp1Xrlilt1Z8DLxMtJBeVo9Mpf3b6iacwkUEGM8T03gSAjGjgVbFLqpoYlhI7IgPmWShIzE2Szkyf4xCp9HCltSwKeqb8nMhIbM45D2xkTGJpFbyr+5/kpRFdBxmWSApN0vihKBQaFp//jPteMghhbQqjm9lZMh0QTCjalkg3BW3x5mbRqVe+i6t2fV+o3eRxFdISO0Sny0CWqozvUQE1EkULP6BW9OeC8OO/Ox7y14OQzh+gPnM8fWOSP/g==</latexit>

sq = 1� a2
<latexit sha1_base64="njKrUyQzHPGK/Lg28Gtic9H9GYo=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgxbKrol6EohePFewHbJclm6ZtaDZZk1mhLP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXpQIbsB1v53C0vLK6lpxvbSxubW9U97daxqVasoaVAml2xExTHDJGsBBsHaiGYkjwVrR8Hbit56YNlzJBxglLIhJX/IepwSs5NPwEV9j74SEZ2G54lbdKfAi8XJSQTnqYfmr01U0jZkEKogxvucmEGREA6eCjUud1LCE0CHpM99SSWJmgmx68hgfWaWLe0rbkoCn6u+JjMTGjOLIdsYEBmbem4j/eX4Kvasg4zJJgUk6W9RLBQaFJ//jLteMghhZQqjm9lZMB0QTCjalkg3Bm395kTRPq95F1bs/r9Ru8jiK6AAdomPkoUtUQ3eojhqIIoWe0St6c8B5cd6dj1lrwcln9tEfOJ8/QYiP7w==</latexit>

cq = 1� a3

Without further constraints, a2 and a3 can range independently 
from 0 to 1, and so s and c are independent

But preparation noncontextuality gives us further constraints!
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<latexit sha1_base64="jOU1NGZzGsDiAXQ8WRcfog/IcCI="></latexit>

~µmaxmix =
1

2

2

6666664

a1
a2
a3
a4
a5
a6

3

7777775
=

1

2

2

6666664

b1
b2
b3
b4
b5
b6

3

7777775

<latexit sha1_base64="BUUEo8potrT+cA0ebbYPCiwurZc="></latexit>

~µ� =

2

6666664

0
0
0
a4
a5
a6

3

7777775
, ~µ�̄ =

2

6666664

a1
a2
a3
0
0
0

3

7777775
, ~µ =

2

6666664

0
0
b3
0
b5
b6

3

7777775
, ~µ ̄ =

2

6666664

b1
b2
0
b4
0
0

3

7777775

operational equivalence: 

noncontextuality: 

<latexit sha1_base64="yOXW7Gj60fE3Fnko95Rzm+4gS50=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch4MVjBBMjybLMTmaTITOzy0yvEEK+wosHRbz6Od78GyePgyYWNBRV3XR3xZkUFn3/2yusrK6tbxQ3S1vbO7t75f2Dpk1zw3iDpTI1rZhaLoXmDRQoeSsznKpY8od4cDPxH564sSLV9zjMeKhoT4tEMIpOeqSRINckjkRUrvhVfwqyTII5qcAc9aj81emmLFdcI5PU2nbgZxiOqEHBJB+XOrnlGWUD2uNtRzVV3Iaj6cFjcuKULklS40ojmaq/J0ZUWTtUsetUFPt20ZuI/3ntHJOrcCR0liPXbLYoySXBlEy+J11hOEM5dIQyI9ythPWpoQxdRiUXQrD48jJpnlWDi2pwd16p9WqzOIpwBMdwCgFcQg1uoQ4NYKDgGV7hzTPei/fufcxaC948wkP4A+/zB8aDkA8=</latexit>

ai = bi

therefore

and so

<latexit sha1_base64="eKZwqBzB3ee/tSSQOyxsWnIYvAo="></latexit>

1

2
µ�(�) +

1

2
µ�̄(�) =

1

2
µ (�) +

1

2
µ ̄(�)
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<latexit sha1_base64="2ezCV3ntE4JabGLaSzhD9ON+Nqk=">AAAB9XicbVDJSgNBEK1xjXGLevTSGARBCNNR1IsQ8OIxglkgGYeaTidp0rPQ3aOEIf/hxYMiXv0Xb/6NneWgiQ8KHu9VUVUvSKTQxnW/naXlldW19dxGfnNre2e3sLdf13GqGK+xWMaqGaDmUkS8ZoSRvJkojmEgeSMY3Iz9xiNXWsTRvRkm3AuxF4muYGis9IA+PUW/bOuMXFO/UHRL7gRkkdAZKcIMVb/w1e7ELA15ZJhErVvUTYyXoTKCST7Kt1PNE2QD7PGWpRGGXHvZ5OoRObZKh3RjZSsyZKL+nsgw1HoYBrYzRNPX895Y/M9rpaZ75WUiSlLDIzZd1E0lMTEZR0A6QnFm5NASZErYWwnro0JmbFB5GwKdf3mR1MslelGid+fFSq8yjSMHh3AEJ0DhEipwC1WoAQMFz/AKb86T8+K8Ox/T1iVnFuEB/IHz+QPxVZEr</latexit>

a1 + a2 + a3 = 1
<latexit sha1_base64="HQqMnBmJ9DsSGDBcXOIZgXvolp8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyIqBch4MVjBBMDybL0TmaTIbOz68ysEEJ+wosHRbz6O978GyePgyYWNBRV3XR3RZkUxvr+t1dYWV1b3yhulra2d3b3yvsHTZPmmvEGS2WqWxEaLoXiDSus5K1Mc0wiyR+iwc3Ef3ji2ohU3dthxoMEe0rEgqF1UgtDeh2FlITlil/1pyDLhM5JBeaoh+WvTjdlecKVZRKNaVM/s8EItRVM8nGpkxueIRtgj7cdVZhwE4ym947JiVO6JE61K2XJVP09McLEmGESuc4Ebd8sehPxP6+d2/gqGAmV5ZYrNlsU55LYlEyeJ12hObNy6AgyLdythPVRI7MuopILgS6+vEyaZ1V6UaV355VarzaLowhHcAynQOESanALdWgAAwnP8Apv3qP34r17H7PWgjeP8BD+wPv8AcTzj3U=</latexit>

a1 = b1
<latexit sha1_base64="OP9dxcvJDJg8QHGsxkPtqI9sTh8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGUS9CwIvHCOYBybLMTmaTIbOz60yvEJb8hBcPinj1d7z5N04eB00saCiquunuClMpDLrut1NYW9/Y3Cpul3Z29/YPyodHLZNkmvEmS2SiOyE1XArFmyhQ8k6qOY1Dydvh6Hbqt5+4NiJRDzhOuR/TgRKRYBSt1AkDj9zQoBaUK27VnYGsEm9BKrBAIyh/9foJy2KukElqTNdzU/RzqlEwySelXmZ4StmIDnjXUkVjbvx8du+EnFmlT6JE21JIZurviZzGxozj0HbGFIdm2ZuK/3ndDKNrPxcqzZArNl8UZZJgQqbPk77QnKEcW0KZFvZWwoZUU4Y2opINwVt+eZW0alXvsurdX1Tqg/o8jiKcwCmcgwdXUIc7aEATGEh4hld4cx6dF+fd+Zi3FpxFhMfwB87nD8XNj3Y=</latexit>

b1 = a2

<latexit sha1_base64="mYIxmi4xHubhRiQMEESBrTDwZ00=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMgCGE3inoRAl48RjAPTJaldzJJhszOLjOzQljyF148KOLVv/Hm3zh5HDSxoKGo6qa7K0wE18Z1v53cyura+kZ+s7C1vbO7V9w/aOg4VZTVaSxi1QpRM8ElqxtuBGslimEUCtYMh7cTv/nElOaxfDCjhPkR9iXvcYrGSo8VDCpnGJzfeEGx5JbdKcgy8eakBHPUguJXpxvTNGLSUIFatz03MX6GynAq2LjQSTVLkA6xz9qWSoyY9rPpxWNyYpUu6cXKljRkqv6eyDDSehSFtjNCM9CL3kT8z2unpnftZ1wmqWGSzhb1UkFMTCbvky5XjBoxsgSp4vZWQgeokBobUsGG4C2+vEwalbJ3WfbuL0rVfnUWRx6O4BhOwYMrqMId1KAOFCQ8wyu8Odp5cd6dj1lrzplHeAh/4Hz+ALxzj/k=</latexit>

2a2 + a3 = 1

PNC

empirical predictions

substitution

normalization

empirical predictions and substitution

<latexit sha1_base64="2eGJdCWNQm2fOnirP1rgJv7iKfk=">AAACBnicbZDLSgMxFIbPeK31NupShGAR3FhmiqgboeDGZQV7gXYYMmmmDc1kpklGKENXbnwVNy4UceszuPNtTKddaOuBkJ//P4fkfEHCmdKO820tLa+srq0XNoqbW9s7u/befkPFqSS0TmIey1aAFeVM0LpmmtNWIimOAk6bweBmkjcfqFQsFvd6lFAvwj3BQkawNpZvHyl/iK6Re4b9Sn53QolJRvzhOKuMfbvklJ280KJwZ6IEs6r59lenG5M0okITjpVqu06ivQxLzQin42InVTTBZIB7tG2kwBFVXpavMUYnxumiMJbmCI1y9/dEhiOlRlFgOiOs+2o+m5j/Ze1Uh1dexkSSairI9KEw5UjHaMIEdZmkRPOREZhIZv6KSB8bDtqQKxoI7vzKi6JRKbsXZffuvFTtVac4CnAIx3AKLlxCFW6hBnUg8AjP8Apv1pP1Yr1bH9PWJWuG8AD+lPX5A0Psl3A=</latexit>

sq = 1� a2 = 1� cq
2

<latexit sha1_base64="Bc1fru9RqeWymGB7qclktgzztVQ=">AAAB9XicbZBLSwMxFIXv+Kz1VXXpJlgEN5aZKuqmUHDjsoJ9QDsOd9JMG5p5mGSUMvR/uHGhiFv/izv/jeljoa0HAh/n3JCb4yeCK23b39bS8srq2npuI7+5tb2zW9jbb6g4lZTVaSxi2fJRMcEjVtdcC9ZKJMPQF6zpD67HefORScXj6E4PE+aG2It4wClqY91T76HinKJ3VimjV/YKRbtkT0QWwZlBEWaqeYWvTjemacgiTQUq1XbsRLsZSs2pYKN8J1UsQTrAHmsbjDBkys0mW4/IsXG6JIilOZEmE/f3jQxDpYahbyZD1H01n43N/7J2qoMrN+NRkmoW0elDQSqIjsm4AtLlklEthgaQSm52JbSPEqk2ReVNCc78lxehUS45FyXn9rxY7VWndeTgEI7gBBy4hCrcQA3qQEHCM7zCm/VkvVjv1sd0dMmaVXgAf2R9/gCRBpGT</latexit>

cq = 1� a3 = 2a2

empirical predictions and substitution
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So the optimal NC model achieves 

Every NC model satisfies

This is a noncontextuality inequality!

<latexit sha1_base64="G+R5+/svGuOFrOwDY9iIwD4Dph8=">AAAB+3icbZBLSwMxFIXv1Fetr7Eu3QSL4MYyU0TdCAU3Lis4bbEdSibNtKGZzJBkxDIM+EvcuFDErX/Enf/G9LHQ1gOBwzk35OYLEs6Udpxvq7Cyura+UdwsbW3v7O7Z++WmilNJqEdiHst2gBXlTFBPM81pO5EURwGnrWB0PelbD1QqFos7PU6oH+GBYCEjWJuoZ5cVukLuKeqGEpOM5Fkt79kVp+pMhZaNOzcVmKvRs7+6/ZikERWacKxUx3US7WdYakY4zUvdVNEEkxEe0I6xAkdU+dl09xwdm6SPwliaIzSapr9vZDhSahwFZjLCeqgWu0n4X9dJdXjpZ0wkqaaCzB4KU450jCYgUJ9JSjQfG4OJZGZXRIbYUNAGV8lAcBe/vGyatap7XnVvzyr1+6cZjiIcwhGcgAsXUIcbaIAHBB7hGV7hzcqtF+vd+piNFqw5wgP4I+vzB2/nk+g=</latexit>

s = 1� c

2

<latexit sha1_base64="og4X/0wsWq+peAGU1D5OkWbqkNA=">AAAB/nicbZBLSwMxFIUz9VXra1RcuQkWwY1lpoi6LLhxWcE+sDOUTHqnDc1kxiQjlGGgf8WNC0Xc+jvc+W9MHwttPRA4nHNDbr4g4Uxpx/m2Ciura+sbxc3S1vbO7p69f9BUcSopNGjMY9kOiALOBDQ00xzaiQQSBRxawfBm0reeQCoWi3s9SsCPSF+wkFGiTdS1jxT2ODxi9xx7oSQ0o3lWzbt22ak4U+Fl485NGc1V79pfXi+maQRCU06U6rhOov2MSM0oh7zkpQoSQoekDx1jBYlA+dl0/RyfmqSHw1iaIzSepr9vZCRSahQFZjIieqAWu0n4X9dJdXjtZ0wkqQZBZw+FKcc6xhMWuMckUM1HxhAqmdkV0wExFLQhVjIQ3MUvL5tmteJeVty7i3LtYTzDUUTH6ASdIRddoRq6RXXUQBRl6Bm9ojdrbL1Y79bHbLRgzREeoj+yPn8AD0aVZw==</latexit>

s  1� c

2
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confusability

Probability 
of success

So contextuality provides an advantage 
for state discrimination

s

c
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So, what is nonclassical about quantum state discrimination? 

Traditional answer: isn’t it weird that we can’t perfectly 
discriminate every pair of quantum states? 

New answer: for states satisfying the relevant operational 
equivalence, quantum theory allows us to discriminate them 
better than linearly!

Perhaps… but this is also a feature of a huge range of 
GPTs, including all simplex-embeddable but 
nonsimplicial GPTs!
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Traditional intuitions come from thinking 
about the extremal states in a strictly 
classical theory

This completely reverses the traditional intuitions about 
what is nonclassical about state discrimination!

(similarly for no-cloning, uncertainty relations, etc)

States in a simplicial theory that do satisfy the operational 
equivalences (which must be mixed) do satisfy the NC inequality.

These don’t satisfy any operational 
equivalences, so NC inequalities 
simply don’t apply to them.
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elaborate on this?
but mixed states in a simplicial GPT do satisfy OEs, 
and so must satisfy the NC inequality

simplicial 
state space



9

For this 9-parameter problem, the algorithm we
describe in Appendix B gives the full set of necessary and
su�cient noncontextuality inequalities, which we list in
Appendix D. For now, however, we consider a special case
with just three parameters, which captures the essence of
minimum error state discrimination. Namely, we assume
symmetries that parallel those in the ideal quantum case:

s ⌘ p(g�|Md, P�) = 1� p(g�|Md, P ) (31)

= p(g�̄|Md, P�̄) = 1� p(g�̄|Md, P ̄),

c ⌘ p(�|M�, P ) = p( |M , P�), (32)

= p(�̄|M�̄, P ̄) = p( ̄|M ̄, P�̄)

and

1� ✏ ⌘ p( |M , P ) = p(�|M�, P�) (33)

= p( ̄|M ̄, P ̄) = p(�̄|M�̄, P�̄).

We have denoted the three remaining free parameters
by s, c, and 1 � ✏, paralleling their ideal quantum
counterparts, sq, cq, and 1, respectively. Just like the
operational equivalence, these symmetries will never hold
exactly for the primary procedures, but we can enforce
them while choosing secondary procedures, as discussed
in Section VI.

The notation P�, P , P�̄, P ̄, M�, M , and Md will
henceforth be used to denote the secondary procedures,
for which the operational equivalence and symmetries are
exact.

The resulting data table, Table II, is similar to the ideal
scenario of Table I, but contains the noise parameter ✏
(1� ✏) in place of the probability 0 (1).

P� P P�̄ P ̄

�|M� 1� ✏ c ✏ 1� c

 |M c 1� ✏ 1� c ✏

g�|Md s 1� s 1� s s

TABLE II. Data table for our operational scenario.

Note that for each row, the entries in the P� and
P�̄ (or P and P ̄) columns average to 1

2 . Here,
this follows from the assumed symmetries, not from
the operational equivalence (which specifies that they
average to the same value, not necessarily 1

2 ); in Table I,
the same averaging property is implied by the operational
equivalence to the maximally mixed quantum state in
Eq. (12) (and redundantly implied by these symmetries).

Finally, we assume that the measurements and
outcomes are labeled in the natural way; e.g., the
outcome of M� that is more likely to occur given the
preparation P� is � rather than �̄, etc. Then, the data
satisfies the constraint that

✏  c  1� ✏. (34)

V. NONCONTEXTUALITY INEQUALITIES
FOR MESD

The operational equivalence relation of Eq. (30)
together with the assumption of preparation
noncontextuality implies via Eq. (7) that

1

2
µP�(�) +

1

2
µP�̄(�) =

1

2
µP (�) +

1

2
µP ̄ (�), (35)

where we have again used the fact that convex mixtures
of preparations are represented in an ontological model
by the corresponding mixture of epistemic states. The
fact that the ontological model must reproduce Table II
implies constraints analogous to Eqs. (13)-(15) and their
kin.
As we prove in Appendix B, the tradeo↵ between s,

c, and ✏ in any noncontextual model of our operational
scenario must satisfy

s  1� c� ✏

2
. (36)

In Appendix C, we show that quantum theory allows a
tradeo↵ of

s =
1

2
(1 +

q
1� ✏+ 2

p
✏(1� ✏)c(c� 1) + c(2✏� 1)).

(37)
Thus quantum theory predicts a higher state
discrimination success rate for any given c and ✏
than a noncontextual model allows. One easily verifies
that Eq. (36) reduces to Eq. (17) in the limit of ✏ ! 0,
and that Eq. (37) reduces to Eq. (11) in the same limit.
It is an open question whether Eq. (37) is the optimal
tradeo↵ that quantum theory allows. We conjecture
that it is optimal in two dimensions.
The NC and quantum tradeo↵s are shown in

Fig. 5. The purple surface represents the triples (s, c, ✏)
saturating the inequality of Eq. (36), while the light blue
surface represents the triples (s, c, ✏) corresponding to the
quantum success rate of Eq. (37).
If an experiment generates data having the form

of Table II and satisfying Eq. (30), and it is found
to lie above the purple shaded surface, then one has
experimental evidence for the failure of noncontextuality.
This evidence is independent of the validity of quantum
theory, and signals a contextual advantage for state
discrimination, even when one’s preparations and
measurements are imperfect.

A. Understanding the quantum and NC bounds

For both quantum and noncontextual models, we
adopt the natural labeling convention described above
Eq. (34), so that all operational data necessarily satisfies
✏  c  1�✏. In the c�✏ plane of Fig. 5, these constraints
describe a triangular wedge which points into the page.
In the plane with ✏ = 0, Section A provides an intuitive

explanation for the tradeo↵ relation.

0

01

1

Our arguments so far assumed some idealizations

but these techniques work just as well for the general scenario:
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maybe I should put this at the start



Generalizing this procedure to arbitrary scenarios
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What about measurement noncontextuality?

MNC + operational equivalences among 
effects give linear constraints on the 
hypercube of response functions:

Outcome deterministic response functions generally violate MNC.

However, we can explicitly compute the finite set of extremal MNC 
assignments. We then assign one ontic state to each of these, and
decompose all MNC assignments in terms of the extremal assignments.

<latexit sha1_base64="HQN6tWWc8HQhhdg1KpyZy6Tby38=">AAACMnicbZDLSsNAFIYn9VbrLerSzWARKkJJqqgboehGF0IFe4EmhMl00g6dXJiZiCX2mdz4JIILXSji1odw2oZaW38Y+PnOOZw5vxsxKqRhvGqZufmFxaXscm5ldW19Q9/cqokw5phUcchC3nCRIIwGpCqpZKQRcYJ8l5G6270Y1Ot3hAsaBreyFxHbR+2AehQjqZCjX1n31Ench2vH7BcspgZbaP9gDEsTEI7p4S+FZ9DyOMJmydHzRtEYCs4aMzV5kKri6M9WK8SxTwKJGRKiaRqRtBPEJcWM9HNWLEiEcBe1SVPZAPlE2Mnw5D7cU6QFvZCrF0g4pJMTCfKF6Pmu6vSR7Ijp2gD+V2vG0ju1ExpEsSQBHi3yYgZlCAf5wRblBEvWUwZhTtVfIe4glYBUKedUCOb0ybOmViqax0Xz5ihfPk/jyIIdsAsKwAQnoAwuQQVUAQaP4AW8gw/tSXvTPrWvUWtGS2e2wR9p3z9fD6jz</latexit>

⇠b|M1
(�) + ⇠b|M2

(�) + ⇠b|M3
(�) =

1

2
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Deriving all the NC inequalities for a PM scenario:

1. find the extremal mmt assignments consistent 
with the constraints from MNC
2. associate one ontic state to each of these
3. parametrize the epistemic states as vectors of 
unknown probabilities
4. write empirical quantities as the dot product of
epistemic states with extremal response functions

At this stage, one has the empirical quantities 
written as (linear!) functions of some unknown 
parameters that are between 0 and 1.

5. write down the (linear!) constraints these 
unknown parameters satisfy as a consequence of
normalization and preparation noncontextuality
6. solve for the empirical quantities (can be done 
via a linear program—
“quantifier elimination”)
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7777775
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cq = 1� b3 = 1� a4 = 1� b4 = 1� a3

<latexit sha1_base64="kZSEQ9Goe9bKgtX912W39s0KQVw="></latexit>

cq = ~µ · ~⇠�|B� = ~µ� · ~⇠ |B = 1� ~µ ̄ · ~⇠�|B� = 1� ~µ�̄ · ~⇠ |B ,

<latexit sha1_base64="jOU1NGZzGsDiAXQ8WRcfog/IcCI="></latexit>
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i

pi = 1



maximally contextual 
polytope

noncontextual 
polytope

quantum set

arXiv:1710.08434 

arXiv:2010.05853

The result is always a set of inequalities on the empirical 
quantities, whose satisfaction is necessary and sufficient 
for a set of data to be noncontextual.
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https://arxiv.org/abs/1710.08434
https://arxiv.org/abs/2010.05853v3


Systematic tools for studying noncontextuality:

finding all the NC inequalities:
arXiv:1710.08434 

determining simplex-embeddability and (some) measures of nonclassicality:
arXiv:2204.11905

computing quantum or maximally-contextual bounds:
arXiv:2010.05853

basics of simplex-embeddability:
arXiv:1911.10386

definitions and results regarding NC in compositional theories:
arxiv:2005.07161

(see Vicky’s talk)
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https://arxiv.org/abs/1710.08434
https://arxiv.org/abs/2204.11905
https://arxiv.org/abs/2010.05853v3
https://arxiv.org/abs/1911.10386v2
https://arxiv.org/abs/2005.07161
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Noncontextuality: odds and ends

David Schmid

Solstice of Foundations 2022
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The linearity assumption

144
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GPTs have a vector space structure
We assume that ontological representations are linear on this structure.

note: operational theories do not have vector space structure!
(unless formalized in a more sophisticated manner)

<latexit sha1_base64="jDC/ZuTVnyJv1w5DqSuS6YGR9U8="></latexit>

µ 1
2 |0ih0|+

1
2 |1ih1|

(�) = µ 1
2 |+ih+|+ 1

2 |�ih�|(�)
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2
|0ih0|+ 1

2
|1ih1| = 1

2
|+ih+|+ 1

2
|�ih�|

<latexit sha1_base64="VKAGI7EwcZ9ft3ys1oPoazQSkRY="></latexit>

1

2
µ|0ih0|(�) +

1

2
µ|1ih1|(�) =

1

2
µ|+ih+|(�) +

1

2
µ|�ih�|(�)

ontological representation:

using linearity:
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WHY must an ontological model be linear?

-we assume the correctness of classical probability theory
-we imagine that the convex mixtures arise simply because one 
is uncertain which pure state was prepared
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knowledge of preparation

law of total probability
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p(�) =
<latexit sha1_base64="6ZPBMGN8yp/kBt82EBjBlfqqFVM="></latexit>
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The tomographic completeness 

assumption
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NC

“For all measurements” = all measurements on a system 
that are possible within the fundamental physical theory

It is sufficient (and necessary) to check if 
operational equivalence holds for a 
tomographically complete set of measurements

For a qubit, for example, one can just 
check the X, Y, and Z measurements

148

Every assessment of contextuality or noncontextuality 
starts from some operational equivalence.

But what if one is mistaken about tomographic completeness?



Mistaken assumption of tomographic completeness 
can lead to

incorrect operational equivalences  
and hence to

mistaken assessments of (non)classicality.

149

Imagine you happen to not know about 
measurements along the Z axis. Then the 
3-d simplicial (classical!) GPT will give 
statistics that look like those of the 2-d 
Boxworld, which is highly nonclassical. 

True theory (3d)

Apparent theory (2d)



So how can we be confident in our assessments of (non)classicality?  

This is exactly the same kind of evidence that tells us it is sufficient 
to use density operators to describe laboratory preparations.

One can never verify the claim that a given set of procedures is 
tomographically complete, but one can accumulate more and more 
evidence for it by trying one’s best to falsify the claim and failing to do so.

150



Dealing with imperfect 

operational equivalences

151
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<latexit sha1_base64="uH2NWJuTY/WdCzGks38bj7FxUG0=">AAACJ3icbVBLSwMxGMz6rPW16tFLsIiCUHZrUU9S9OKxgn1Ad1myabYNTbJrkhVK6b/x4l/xIqiIHv0npu0e+nAgMJmZj+SbMGFUacf5sZaWV1bX1nMb+c2t7Z1de2+/ruJUYlLDMYtlM0SKMCpITVPNSDORBPGQkUbYux35jSciFY3Fg+4nxOeoI2hEMdJGCuxrL5IIuyVYPQlceAanriXoKcrJ47R2PhspB3bBKTpjwEXiZqQAMlQD+91rxzjlRGjMkFIt10m0P0BSU8zIMO+liiQI91CHtAwViBPlD8Z7DuGxUdowiqU5QsOxOj0xQFypPg9NkiPdVfPeSPzPa6U6uvIHVCSpJgJPHopSBnUMR6XBNpUEa9Y3BGFJzV8h7iJTgzbV5k0J7vzKi6ReKroXRfe+XKjcZHXkwCE4AqfABZegAu5AFdQABs/gFXyAT+vFerO+rO9JdMnKZg7ADKzfP2LroLw=</latexit>

1

2
P 0
1 +

1

2
P 0
2 ' 1

2
P 0
3 +

1

2
P 0
4

Target preparations ➡ satisfy 
some operational equivalences

<latexit sha1_base64="NUVy7p5NBpJZ02hYqhueQtM7Lac=">AAACJ3icbVBLSwMxGMz6rPW16tFLsAiCUDa1qCcpevFYwT6gu5Rsmm1Ds9k1yQpl6b/x4l/xIqiIHv0npu2CfTgQmMzMR/KNH3OmtON8W0vLK6tr67mN/ObW9s6uvbdfV1EiCa2RiEey6WNFORO0ppnmtBlLikOf04bfvxn5jUcqFYvEvR7E1AtxV7CAEayN1Lav3EBigkqw2kbwFP7dStAVkXYVC+nDlHw2Eyq37YJTdMaAiwRlpAAyVNv2m9uJSBJSoQnHSrWQE2svxVIzwukw7yaKxpj0cZe2DBU4pMpLx3sO4bFROjCIpDlCw7E6PZHiUKlB6JtkiHVPzXsj8T+vlejg0kuZiBNNBZk8FCQc6giOSoMdJinRfGAIJpKZv0LSw6YFbarNmxLQ/MqLpF4qovMiuisXKtdZHTlwCI7ACUDgAlTALaiCGiDgCbyAd/BhPVuv1qf1NYkuWdnMAZiB9fMLHuyhzQ==</latexit>

1

2
P1 +

1

2
P2 6' 1

2
P3 +

1

2
P4

<latexit sha1_base64="uH2NWJuTY/WdCzGks38bj7FxUG0=">AAACJ3icbVBLSwMxGMz6rPW16tFLsIiCUHZrUU9S9OKxgn1Ad1myabYNTbJrkhVK6b/x4l/xIqiIHv0npu0e+nAgMJmZj+SbMGFUacf5sZaWV1bX1nMb+c2t7Z1de2+/ruJUYlLDMYtlM0SKMCpITVPNSDORBPGQkUbYux35jSciFY3Fg+4nxOeoI2hEMdJGCuxrL5IIuyVYPQlceAanriXoKcrJ47R2PhspB3bBKTpjwEXiZqQAMlQD+91rxzjlRGjMkFIt10m0P0BSU8zIMO+liiQI91CHtAwViBPlD8Z7DuGxUdowiqU5QsOxOj0xQFypPg9NkiPdVfPeSPzPa6U6uvIHVCSpJgJPHopSBnUMR6XBNpUEa9Y3BGFJzV8h7iJTgzbV5k0J7vzKi6ReKroXRfe+XKjcZHXkwCE4AqfABZegAu5AFdQABs/gFXyAT+vFerO+rO9JdMnKZg7ADKzfP2LroLw=</latexit>

1

2
P 0
1 +

1

2
P 0
2 ' 1

2
P 0
3 +

1

2
P 0
4
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<latexit sha1_base64="uH2NWJuTY/WdCzGks38bj7FxUG0=">AAACJ3icbVBLSwMxGMz6rPW16tFLsIiCUHZrUU9S9OKxgn1Ad1myabYNTbJrkhVK6b/x4l/xIqiIHv0npu0e+nAgMJmZj+SbMGFUacf5sZaWV1bX1nMb+c2t7Z1de2+/ruJUYlLDMYtlM0SKMCpITVPNSDORBPGQkUbYux35jSciFY3Fg+4nxOeoI2hEMdJGCuxrL5IIuyVYPQlceAanriXoKcrJ47R2PhspB3bBKTpjwEXiZqQAMlQD+91rxzjlRGjMkFIt10m0P0BSU8zIMO+liiQI91CHtAwViBPlD8Z7DuGxUdowiqU5QsOxOj0xQFypPg9NkiPdVfPeSPzPa6U6uvIHVCSpJgJPHopSBnUMR6XBNpUEa9Y3BGFJzV8h7iJTgzbV5k0J7vzKi6ReKroXRfe+XKjcZHXkwCE4AqfABZegAu5AFdQABs/gFXyAT+vFerO+rO9JdMnKZg7ADKzfP2LroLw=</latexit>

1

2
P 0
1 +

1

2
P 0
2 ' 1

2
P 0
3 +

1

2
P 0
4

Real preparations ➡ noisy; 
don’t exactly satisfy the OEs!

Target preparations ➡ satisfy 
some operational equivalences

<latexit sha1_base64="NUVy7p5NBpJZ02hYqhueQtM7Lac=">AAACJ3icbVBLSwMxGMz6rPW16tFLsAiCUDa1qCcpevFYwT6gu5Rsmm1Ds9k1yQpl6b/x4l/xIqiIHv0npu2CfTgQmMzMR/KNH3OmtON8W0vLK6tr67mN/ObW9s6uvbdfV1EiCa2RiEey6WNFORO0ppnmtBlLikOf04bfvxn5jUcqFYvEvR7E1AtxV7CAEayN1Lav3EBigkqw2kbwFP7dStAVkXYVC+nDlHw2Eyq37YJTdMaAiwRlpAAyVNv2m9uJSBJSoQnHSrWQE2svxVIzwukw7yaKxpj0cZe2DBU4pMpLx3sO4bFROjCIpDlCw7E6PZHiUKlB6JtkiHVPzXsj8T+vlejg0kuZiBNNBZk8FCQc6giOSoMdJinRfGAIJpKZv0LSw6YFbarNmxLQ/MqLpF4qovMiuisXKtdZHTlwCI7ACUDgAlTALaiCGiDgCbyAd/BhPVuv1qf1NYkuWdnMAZiB9fMLHuyhzQ==</latexit>

1

2
P1 +

1

2
P2 6' 1

2
P3 +

1

2
P4

<latexit sha1_base64="uH2NWJuTY/WdCzGks38bj7FxUG0=">AAACJ3icbVBLSwMxGMz6rPW16tFLsIiCUHZrUU9S9OKxgn1Ad1myabYNTbJrkhVK6b/x4l/xIqiIHv0npu0e+nAgMJmZj+SbMGFUacf5sZaWV1bX1nMb+c2t7Z1de2+/ruJUYlLDMYtlM0SKMCpITVPNSDORBPGQkUbYux35jSciFY3Fg+4nxOeoI2hEMdJGCuxrL5IIuyVYPQlceAanriXoKcrJ47R2PhspB3bBKTpjwEXiZqQAMlQD+91rxzjlRGjMkFIt10m0P0BSU8zIMO+liiQI91CHtAwViBPlD8Z7DuGxUdowiqU5QsOxOj0xQFypPg9NkiPdVfPeSPzPa6U6uvIHVCSpJgJPHopSBnUMR6XBNpUEa9Y3BGFJzV8h7iJTgzbV5k0J7vzKi6ReKroXRfe+XKjcZHXkwCE4AqfABZegAu5AFdQABs/gFXyAT+vFerO+rO9JdMnKZg7ADKzfP2LroLw=</latexit>

1

2
P 0
1 +

1

2
P 0
2 ' 1

2
P 0
3 +

1

2
P 0
4

<latexit sha1_base64="NUVy7p5NBpJZ02hYqhueQtM7Lac=">AAACJ3icbVBLSwMxGMz6rPW16tFLsAiCUDa1qCcpevFYwT6gu5Rsmm1Ds9k1yQpl6b/x4l/xIqiIHv0npu2CfTgQmMzMR/KNH3OmtON8W0vLK6tr67mN/ObW9s6uvbdfV1EiCa2RiEey6WNFORO0ppnmtBlLikOf04bfvxn5jUcqFYvEvR7E1AtxV7CAEayN1Lav3EBigkqw2kbwFP7dStAVkXYVC+nDlHw2Eyq37YJTdMaAiwRlpAAyVNv2m9uJSBJSoQnHSrWQE2svxVIzwukw7yaKxpj0cZe2DBU4pMpLx3sO4bFROjCIpDlCw7E6PZHiUKlB6JtkiHVPzXsj8T+vlejg0kuZiBNNBZk8FCQc6giOSoMdJinRfGAIJpKZv0LSw6YFbarNmxLQ/MqLpF4qovMiuisXKtdZHTlwCI7ACUDgAlTALaiCGiDgCbyAd/BhPVuv1qf1NYkuWdnMAZiB9fMLHuyhzQ==</latexit>

1

2
P1 +

1

2
P2 6' 1

2
P3 +

1

2
P4

So the four realized states do not allow one to test NC 
inequalities based on this operational equivalence!
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Real preparations ➡ noisy; 
don’t exactly satisfy the OEs!

Target preparations ➡ satisfy 
some operational equivalences

<latexit sha1_base64="NUVy7p5NBpJZ02hYqhueQtM7Lac=">AAACJ3icbVBLSwMxGMz6rPW16tFLsAiCUDa1qCcpevFYwT6gu5Rsmm1Ds9k1yQpl6b/x4l/xIqiIHv0npu2CfTgQmMzMR/KNH3OmtON8W0vLK6tr67mN/ObW9s6uvbdfV1EiCa2RiEey6WNFORO0ppnmtBlLikOf04bfvxn5jUcqFYvEvR7E1AtxV7CAEayN1Lav3EBigkqw2kbwFP7dStAVkXYVC+nDlHw2Eyq37YJTdMaAiwRlpAAyVNv2m9uJSBJSoQnHSrWQE2svxVIzwukw7yaKxpj0cZe2DBU4pMpLx3sO4bFROjCIpDlCw7E6PZHiUKlB6JtkiHVPzXsj8T+vlejg0kuZiBNNBZk8FCQc6giOSoMdJinRfGAIJpKZv0LSw6YFbarNmxLQ/MqLpF4qovMiuisXKtdZHTlwCI7ACUDgAlTALaiCGiDgCbyAd/BhPVuv1qf1NYkuWdnMAZiB9fMLHuyhzQ==</latexit>

1

2
P1 +

1

2
P2 6' 1

2
P3 +

1

2
P4

<latexit sha1_base64="uH2NWJuTY/WdCzGks38bj7FxUG0=">AAACJ3icbVBLSwMxGMz6rPW16tFLsIiCUHZrUU9S9OKxgn1Ad1myabYNTbJrkhVK6b/x4l/xIqiIHv0npu0e+nAgMJmZj+SbMGFUacf5sZaWV1bX1nMb+c2t7Z1de2+/ruJUYlLDMYtlM0SKMCpITVPNSDORBPGQkUbYux35jSciFY3Fg+4nxOeoI2hEMdJGCuxrL5IIuyVYPQlceAanriXoKcrJ47R2PhspB3bBKTpjwEXiZqQAMlQD+91rxzjlRGjMkFIt10m0P0BSU8zIMO+liiQI91CHtAwViBPlD8Z7DuGxUdowiqU5QsOxOj0xQFypPg9NkiPdVfPeSPzPa6U6uvIHVCSpJgJPHopSBnUMR6XBNpUEa9Y3BGFJzV8h7iJTgzbV5k0J7vzKi6ReKroXRfe+XKjcZHXkwCE4AqfABZegAu5AFdQABs/gFXyAT+vFerO+rO9JdMnKZg7ADKzfP2LroLw=</latexit>

1

2
P 0
1 +

1

2
P 0
2 ' 1

2
P 0
3 +

1

2
P 0
4

<latexit sha1_base64="NUVy7p5NBpJZ02hYqhueQtM7Lac=">AAACJ3icbVBLSwMxGMz6rPW16tFLsAiCUDa1qCcpevFYwT6gu5Rsmm1Ds9k1yQpl6b/x4l/xIqiIHv0npu2CfTgQmMzMR/KNH3OmtON8W0vLK6tr67mN/ObW9s6uvbdfV1EiCa2RiEey6WNFORO0ppnmtBlLikOf04bfvxn5jUcqFYvEvR7E1AtxV7CAEayN1Lav3EBigkqw2kbwFP7dStAVkXYVC+nDlHw2Eyq37YJTdMaAiwRlpAAyVNv2m9uJSBJSoQnHSrWQE2svxVIzwukw7yaKxpj0cZe2DBU4pMpLx3sO4bFROjCIpDlCw7E6PZHiUKlB6JtkiHVPzXsj8T+vlejg0kuZiBNNBZk8FCQc6giOSoMdJinRfGAIJpKZv0LSw6YFbarNmxLQ/MqLpF4qovMiuisXKtdZHTlwCI7ACUDgAlTALaiCGiDgCbyAd/BhPVuv1qf1NYkuWdnMAZiB9fMLHuyhzQ==</latexit>

1

2
P1 +

1

2
P2 6' 1

2
P3 +

1

2
P4

But one can infer the statistics of all states 
in the convex hull of the realized ones!

And some of these “inferred states” 
do exactly satisfy the OEs!

<latexit sha1_base64="uH2NWJuTY/WdCzGks38bj7FxUG0=">AAACJ3icbVBLSwMxGMz6rPW16tFLsIiCUHZrUU9S9OKxgn1Ad1myabYNTbJrkhVK6b/x4l/xIqiIHv0npu0e+nAgMJmZj+SbMGFUacf5sZaWV1bX1nMb+c2t7Z1de2+/ruJUYlLDMYtlM0SKMCpITVPNSDORBPGQkUbYux35jSciFY3Fg+4nxOeoI2hEMdJGCuxrL5IIuyVYPQlceAanriXoKcrJ47R2PhspB3bBKTpjwEXiZqQAMlQD+91rxzjlRGjMkFIt10m0P0BSU8zIMO+liiQI91CHtAwViBPlD8Z7DuGxUdowiqU5QsOxOj0xQFypPg9NkiPdVfPeSPzPa6U6uvIHVCSpJgJPHopSBnUMR6XBNpUEa9Y3BGFJzV8h7iJTgzbV5k0J7vzKi6ReKroXRfe+XKjcZHXkwCE4AqfABZegAu5AFdQABs/gFXyAT+vFerO+rO9JdMnKZg7ADKzfP2LroLw=</latexit>

1

2
P 0
1 +

1

2
P 0
2 ' 1

2
P 0
3 +

1

2
P 0
4
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Second approach

1. Do whatever procedures one likes 
(no need to even target anything!)

2. Characterize their GPT 
representations

OR

3. Determine if the GPT is 
simplex-embeddable

3. Compute the actual operational 
equivalences which hold among the 
realized procedures
and derive NC inequalities for these

<latexit sha1_base64="r/jmzwRIZB2m3/jHot6f+yHgW9k=">AAACIHicbVDLSgMxFM3UV62vUZdugkWoiGVSi3UjFN24rGAf0BmGTJppQzMPkoxQhn6KG3/FjQtFdKdfY6adhVYPBM49515u7vFizqSyrE+jsLS8srpWXC9tbG5t75i7ex0ZJYLQNol4JHoelpSzkLYVU5z2YkFx4HHa9cbXmd+9p0KyKLxTk5g6AR6GzGcEKy25ZsPGPB5h2HIRPIEVdDqvj7VQg5fQ9qjKzLPczMrMq7tm2apaM8C/BOWkDHK0XPPDHkQkCWioCMdS9pEVKyfFQjHC6bRkJ5LGmIzxkPY1DXFApZPODpzCI60MoB8J/UIFZ+rPiRQHUk4CT3cGWI3kopeJ/3n9RPkXTsrCOFE0JPNFfsKhimCWFhwwQYniE00wEUz/FZIRFpgonWlJh4AWT/5LOrUqOq+i23q5eZXHUQQH4BBUAAIN0AQ3oAXagIAH8ARewKvxaDwbb8b7vLVg5DP74BeMr2+N5J5C</latexit>

↵P1 + (1� ↵)P2 = �P3 + (1� �)P4



Noncontextuality beyond prepare-measure 

scenarios (again)

arxiv:2005.07161
156

https://arxiv.org/pdf/2005.07161.pdf


GPT processes
GPT systems classical systems 

(random variables)

quasiprobability
representation

<latexit sha1_base64="MUbNEBHw+O/u4A9HqSMi37sdnl4=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48R8sJkCbOzs8mQ2dllplcIS8Cf8OJBEa9+jTf/xsnjoIkFDUVVN91dQSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3U799iPXRiSqgeOU+zEdKBEJRtFK3R4KGfK8Mel7/XLFrbozkFXiLUgFFqj3y1+9MGFZzBUySY3pem6Kfk41Cib5pNTLDE8pG9EB71qqaMyNn89OnpAzq4QkSrQthWSm/p7IaWzMOA5sZ0xxaJa9qfif180wuvFzodIMuWLzRVEmCSZk+j8JheYM5dgSyrSwtxI2pJoytCmVbAje8surpHVR9a6q3v1lpfbwNI+jCCdwCufgwTXU4A7q0AQGCTzDK7w56Lw4787HvLXgLCI8hj9wPn8AZ+WR0A==</latexit>

T̃1

<latexit sha1_base64="j3vdfojzCp7j5EjF/YZj4Rq11iI=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWOEvDBZwuzsbDJkdnaZ6RXCEvAnvHhQxKtf482/cfI4aGJBQ1HVTXdXkEph0HW/nbX1jc2t7cJOcXdv/+CwdHTcMkmmGW+yRCa6E1DDpVC8iQIl76Sa0ziQvB2Mbqd++5FrIxLVwHHK/ZgOlIgEo2ilbg+FDHnemPSr/VLZrbgzkFXiLUgZFqj3S1+9MGFZzBUySY3pem6Kfk41Cib5pNjLDE8pG9EB71qqaMyNn89OnpBzq4QkSrQthWSm/p7IaWzMOA5sZ0xxaJa9qfif180wuvFzodIMuWLzRVEmCSZk+j8JheYM5dgSyrSwtxI2pJoytCkVbQje8surpFWteFcV7/6yXHt4msdRgFM4gwvw4BpqcAd1aAKDBJ7hFd4cdF6cd+dj3rrmLCI8gT9wPn8AaWmR0Q==</latexit>

T̃2

<latexit sha1_base64="Nx+VMZhoL5Of8WOjyS5FPe4LmAM=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYhA8hd0g6jHgxWNE88BkCbOzvcmQ2ZllplcIS8Cf8OJBEa9+jTf/xsnjoIkFDUVVN91dYSq4Qc/7dlZW19Y3Ngtbxe2d3b390sFh06hMM2gwJZRuh9SA4BIayFFAO9VAk1BAKxxeT/zWI2jDlbzHUQpBQvuSx5xRtFKni1xEkN+Ne9VeqexVvCncZeLPSZnMUe+VvrqRYlkCEpmgxnR8L8Ugpxo5EzAudjMDKWVD2oeOpZImYIJ8evLYPbVK5MZK25LoTtXfEzlNjBkloe1MKA7MojcR//M6GcZXQc5lmiFINlsUZ8JF5U7+dyOugaEYWUKZ5vZWlw2opgxtSkUbgr/48jJpViv+RcW/PS/XHp5mcRTIMTkhZ8Qnl6RGbkidNAgjijyTV/LmoPPivDsfs9YVZx7hEfkD5/MHZ+KR0A==</latexit>

S̃2

<latexit sha1_base64="W+tNUh3glyCUW4yLwgMyuvVc5fo=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48RzQOTJczOziZDZmeXmV4hLAF/wosHRbz6Nd78GyePgyYWNBRV3XR3BakUBl332ymsrK6tbxQ3S1vbO7t75f2DpkkyzXiDJTLR7YAaLoXiDRQoeTvVnMaB5K1geD3xW49cG5Goexyl3I9pX4lIMIpW6nRRyJDnd+Oe1ytX3Ko7BVkm3pxUYI56r/zVDROWxVwhk9SYjuem6OdUo2CSj0vdzPCUsiHt846lisbc+Pn05DE5sUpIokTbUkim6u+JnMbGjOLAdsYUB2bRm4j/eZ0Moys/FyrNkCs2WxRlkmBCJv+TUGjOUI4soUwLeythA6opQ5tSyYbgLb68TJpnVe+i6t2eV2oPT7M4inAEx3AKHlxCDW6gDg1gkMAzvMKbg86L8+58zFoLzjzCQ/gD5/MHZl6Rzw==</latexit>

S̃1 <latexit sha1_base64="Nx+VMZhoL5Of8WOjyS5FPe4LmAM=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYhA8hd0g6jHgxWNE88BkCbOzvcmQ2ZllplcIS8Cf8OJBEa9+jTf/xsnjoIkFDUVVN91dYSq4Qc/7dlZW19Y3Ngtbxe2d3b390sFh06hMM2gwJZRuh9SA4BIayFFAO9VAk1BAKxxeT/zWI2jDlbzHUQpBQvuSx5xRtFKni1xEkN+Ne9VeqexVvCncZeLPSZnMUe+VvrqRYlkCEpmgxnR8L8Ugpxo5EzAudjMDKWVD2oeOpZImYIJ8evLYPbVK5MZK25LoTtXfEzlNjBkloe1MKA7MojcR//M6GcZXQc5lmiFINlsUZ8JF5U7+dyOugaEYWUKZ5vZWlw2opgxtSkUbgr/48jJpViv+RcW/PS/XHp5mcRTIMTkhZ8Qnl6RGbkidNAgjijyTV/LmoPPivDsfs9YVZx7hEfkD5/MHZ+KR0A==</latexit>

S̃2

<latexit sha1_base64="+hXIR1IG65mTeVAiyajoxor/iDo=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeACB4jmAcmS5idnU2GzM4uM71CWAL+hBcPinj1a7z5N04eB00saCiquunuClIpDLrut1NYWV1b3yhulra2d3b3yvsHTZNkmvEGS2Si2wE1XArFGyhQ8naqOY0DyVvB8Hritx65NiJR9zhKuR/TvhKRYBSt1OmikCHPb8Y9r1euuFV3CrJMvDmpwBz1XvmrGyYsi7lCJqkxHc9N0c+pRsEkH5e6meEpZUPa5x1LFY258fPpyWNyYpWQRIm2pZBM1d8TOY2NGcWB7YwpDsyiNxH/8zoZRld+LlSaIVdstijKJMGETP4nodCcoRxZQpkW9lbCBlRThjalkg3BW3x5mTTPqt5F1bs7r9QenmZxFOEIjuEUPLiEGtxCHRrAIIFneIU3B50X5935mLUWnHmEh/AHzucPUPyRwQ==</latexit>

Ẽ1

<latexit sha1_base64="EcJUE4a9BWAgXpyBUg18zuv0zOs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cKpi22oWy2m3bpZhN2J2IJBf+BFw+KePUHefPfuP04aOuDgcd7M8zMC1MpDLrut1NYWV1b3yhulra2d3b3yvsHDZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJ74zQeujUjUHY5SHsS0r0QkGEUr+Z1H0fW65Ypbdacgy8SbkwrMUe+Wvzq9hGUxV8gkNabtuSkGOdUomOTjUiczPKVsSPu8bamiMTdBPj12TE6s0iNRom0pJFP190ROY2NGcWg7Y4oDs+hNxP+8dobRVZALlWbIFZstijJJMCGTz0lPaM5QjiyhTAt7K2EDqilDm0/JhuAtvrxMGmdV76Lq3Z5XavdPsziKcATHcAoeXEINbqAOPjAQ8Ayv8OYo58V5dz5mrQVnHuEh/IHz+QOyD48X</latexit>

⇠1

<latexit sha1_base64="eMPHHG8d3cDlDnvLF7rIBzMIhLE=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjwoMcI5oHJEnonk2TIzOw6MyuEJeA3ePGgiFd/x5t/4+Rx0MSChqKqm+6uKBHcWN//9paWV1bX1nMb+c2t7Z3dwt5+zcSppqxKYxHrRoSGCa5Y1XIrWCPRDGUkWD0aXI39+iPThsfqzg4TFkrsKd7lFK2TGq1rlBLbQbtQ9Ev+BGSRBDNShBkq7cJXqxPTVDJlqUBjmoGf2DBDbTkVbJRvpYYlSAfYY01HFUpmwmxy74gcO6VDurF2pSyZqL8nMpTGDGXkOiXavpn3xuJ/XjO13csw4ypJLVN0uqibCmJjMn6edLhm1IqhI0g1d7cS2keN1LqI8i6EYP7lRVI7LQXnpeD2rFi+f5rGkYNDOIITCOACynADFagCBQHP8Apv3oP34r17H9PWJW8W4QH8gff5A64lkDc=</latexit>

�1

<latexit sha1_base64="Fwlj5TNjMjNrJgTw7mgnVOmdkb0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGUY8BD3qMYB6YLKF3MpsMmdldZ2aFsAT8Bi8eFPHq73jzb5w8DppY0FBUddPdFSSCa+O6305uZXVtfSO/Wdja3tndK+4fNHScKsrqNBaxagWomeARqxtuBGsliqEMBGsGw6uJ33xkSvM4ujOjhPkS+xEPOUVjpVbnGqXEbqVbLLlldwqyTLw5KcEctW7xq9OLaSpZZKhArduemxg/Q2U4FWxc6KSaJUiH2GdtSyOUTPvZ9N4xObFKj4SxshUZMlV/T2QotR7JwHZKNAO96E3E/7x2asJLP+NRkhoW0dmiMBXExGTyPOlxxagRI0uQKm5vJXSACqmxERVsCN7iy8ukUSl752Xv9qxUvX+axZGHIziGU/DgAqpwAzWoAwUBz/AKb86D8+K8Ox+z1pwzj/AQ/sD5/AGvqZA4</latexit>

�2

<latexit sha1_base64="HQtMDIj+uhebo8Jm5xQoSXMOiQQ=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48R3ERMljA76U2GzMwuM7NCCAH/wIsHRbz6Qd78GyePgyYWNBRV3XR3xZngxvr+t1dYWV1b3yhulra2d3b3yvsHDZPmmmHIUpHq+5gaFFxhaLkVeJ9ppDIW2IwH1xO/+Yja8FTd2WGGkaQ9xRPOqHVS2JZ5J+iUK37Vn4Isk2BOKjBHvVP+andTlktUlglqTCvwMxuNqLacCRyX2rnBjLIB7WHLUUUlmmg0PXZMTpzSJUmqXSlLpurviRGVxgxl7DoltX2z6E3E/7xWbpOraMRVlltUbLYoyQWxKZl8TrpcI7Ni6AhlmrtbCetTTZl1+ZRcCMHiy8ukcVYNLqrB7Xml9vA0i6MIR3AMpxDAJdTgBuoQAgMOz/AKb57yXrx372PWWvDmER7CH3ifP7OKjxg=</latexit>µ1
<latexit sha1_base64="3FOUNTNOXJaJ2pKcMPpCdCrjZUs=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY8BLx4juEkwWcLsZDYZMjO7zEMIS8A/8OJBEa9+kDf/xsnjoIkFDUVVN91dccaZNr7/7RXW1jc2t4rbpZ3dvf2D8uFRU6dWERqSlKeqHWNNOZM0NMxw2s4UxSLmtBWPbqZ+65EqzVJ5b8YZjQQeSJYwgo2Twq6wvVqvXPGr/gxolQQLUoEFGr3yV7efEiuoNIRjrTuBn5kox8owwumk1LWaZpiM8IB2HJVYUB3ls2Mn6MwpfZSkypU0aKb+nsix0HosYtcpsBnqZW8q/ud1rEmuo5zJzBoqyXxRYjkyKZp+jvpMUWL42BFMFHO3IjLEChPj8im5EILll1dJs1YNLqvB3UWl/vA0j6MIJ3AK5xDAFdThFhoQAgEGz/AKb570Xrx372PeWvAWER7DH3ifP7UOjxk=</latexit>µ2

If the image of the map is positive, this is an OM 
(and hence a classical explanation for the GPT)
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QuasiSubStochastic processes
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All quasiprobability representations of GPTs 
with transformations have a simple structure

(and hence so do all noncontextual 
ontological models of operational theories)



Recall that a quasiprobability representation is a diagram-
preserving linear map ξ from a GPT to QuasiSubStoch:

:

examples:

is the vector 
space of real-valued 
functions over the 
state space ΛB

<latexit sha1_base64="+MQ98R2OemXdyt5ogqIHisBizKA=">AAACGXicbVDNS8MwHE39nPOr6tFLcAgeZKRD1OPAi94muA9Yy0izdAtL05Kkwuj6b3jxX/GgB0U86sn/xrTbQTcfhDze+/1I3vNjzpRG6NtaWl5ZXVsvbZQ3t7Z3du29/ZaKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/dFV7rfvqVQsEnd6HFMvxAPBAkawNlLPRm4gMUndEOuh76c3WZbWMujCUwgnEEFXYjHg1OXFBdEE9uwKqqICcJE4M1IBMzR69qfbj0gSUqEJx0p1HRRrL8VSM8JpVnYTRWNMRnhAu4YKHFLlpUWyDB4bpQ+DSJojNCzU3xspDpUah76ZzBOoeS8X//O6iQ4uvZSJONFUkOlDQcKhjmBeE+wzSYnmY0Mwkcz8FZIhNlVpU2bZlODMR14krVrVOa86t2eVOnue1lECh+AInAAHXIA6uAYN0AQEPIAn8ArerEfrxXq3PqajS9aswgPwB9bXD5yRoCE=</latexit>I
2
, |0ih0|

<latexit sha1_base64="9EMLz3w15o6REgn+jq5NWIa+5J4=">AAACS3icbVBNSwMxFMxWq3X9qnr0EiyCBym7YtVjwYsnqWA/oFtKNn1tQ7PZJcmKZen/8+LFm3/CiwdFPJhta7GtDx6ZzJshL+NHnCntOK9WZmU1u7ae27A3t7Z3dvN7+zUVxpJClYY8lA2fKOBMQFUzzaERSSCBz6HuD67Tef0BpGKhuNfDCFoB6QnWZZRoQ7XzvudDj4nED4iW7HFkO8WzEvY8PDsnl5LtgejMZKeLNjdV/fa8tp0vOEVnXHgZuFNQQNOqtPMvXiekcQBCU06UarpOpFsJkZpRDiPbixVEhA5ID5oGChKAaiXjLEb42DAd3A2laaHxmP3rSEig1DDwjdLs11eLs5T8b9aMdfeqlTARxRoEnTzUjTnWIU6DxR0mgWo+NIBQycyumPaJJFSb+G0Tgrv45WVQOyu6F0X37rxQvp3GkUOH6AidIBddojK6QRVURRQ9oTf0gT6tZ+vd+rK+J9KMNfUcoLnKZH8AClewCA==</latexit>2

664

0.25
0.25
0
0.5

3

775 ,

2

664

1
0
0
0

3

775

<latexit sha1_base64="wuQ5xRzxEptjk4GoFt+vSn6St2M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehEKXjxJC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbqt55QaR7LBzNO0I/oQPKQM2qsVL/plcpuxZ2BLBMvJ2XIUeuVvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzQ6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhMvyZ9rpAZMbaEMsXtrYQNqaLM2GyKNgRv8eVl0jyveJcVr35Rrt7ncRTgGE7gDDy4gircQQ0awADhGV7hzXl0Xpx352PeuuLkM0fwB87nD5JhjNM=</latexit>

=
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: <latexit sha1_base64="wuQ5xRzxEptjk4GoFt+vSn6St2M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehEKXjxJC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbqt55QaR7LBzNO0I/oQPKQM2qsVL/plcpuxZ2BLBMvJ2XIUeuVvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzQ6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhMvyZ9rpAZMbaEMsXtrYQNqaLM2GyKNgRv8eVl0jyveJcVr35Rrt7ncRTgGE7gDDy4gircQQ0awADhGV7hzXl0Xpx352PeuuLkM0fwB87nD5JhjNM=</latexit>

=

ξ is just a linear map from one real vector space to a different one

Recall that a quasiprobability representation is a diagram-
preserving linear map ξ from a GPT to QuasiSubStoch:

160

We can define a larger process theory RLinear which 
contains all real vector spaces as system types, and all 
linear maps on these as processes

Then, we can represent this DP map between process 
theories in a different way: as a process within a larger 
process theory (RLinear)



(e.g., χ can be a simplex 
embedding map as in lecture 2!)
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ξ is just a linear map from one real vector space to a different one

We can define a larger process theory RLinear which 
contains all real vector spaces as system types, and all 
linear maps on these as processes

Then, we can represent this DP map between process 
theories in a different way: as a process within a larger 
process theory (RLinear)



similarly for effects:
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for states:
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this holds for all E and P, 
so by tomography it 
follows that

ɸ is the left inverse of χ
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What about the representation of transformations?
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For any GPT satisfying the principle of local tomography, one 
can decompose any transformation into a linear sum of states 
and effects in the GPT:

arxiv:2005.07161

This is analogous to decomposing the 
identity operator on some Hilbert space…
-but the matrix M is not just the identity, since 
there is no orthonormal basis of density 
operators and POVM elements (e.g.)

by probing the inputs and outputs separately

https://arxiv.org/pdf/2005.07161.pdf
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So the representation of transformations can be fully 
constrained by the representation of states and effects!

linearity diagram preservationdecomposition of T



representation 
of DP map 

within RLinear
un-decomposition of T
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so χ and ɸ are each other’s inverses

so

and recall thatrepresentation of identity:
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Finding an explicit form for χ and χ-1 

in terms of a basis
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insert an identity: can check that the D’s 
form a basis for the 
vector space of effects

Similarly for some set of 
F’s that form a basis for 
the vector space of states

mention that the lambdas are the unit vectors in Quasisubstoch
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invertibility

representing ignoring correctly
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hence, for transformations:

Every diagram-preserving quasiprobability representation has this form



Quasiprobability representation of quantum theory:

pick any basis of trace-one Hermitian operators {F�}�
tr[D�0F�] = ��,�0compute the unique dual basis satisfying

⇠E(�
0|�) = tr[D�0E(F�)]

⇠⇢(�) = tr[D�⇢]

⇠E(�) = tr[F�E]

states

effects

transformations

“complete frame representation”
173



If the processes representing a given quantum scenario are 
all nonnegative, this constitutes an OM for it.

If the processes go negative, this constitutes a 
quasiprobability representation that is not an OM.

If there is no choice of basis for which the resulting 
processes are nonnegative, then the scenario does not 
admit of an OM, and it is not classically-explainable.
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All noncontextual models of operational theories 
with transformations have this structure!

175



Example 2: Spekkens toy theory (for odd-dimensional 
stabilizer subtheories) has exactly this form, with basis:

arXiv:2101.06263

{Ap,q}p,q :=
n1

d

X

p,q

exp(pq � p0q0 + i⇡/d)Wp,q
†
o

176

Example 1: Wigner representation

⇠⇢stab(p, q) = tr[Ap,q⇢stab]

https://arxiv.org/abs/2101.06263


dimension of GPT = cardinality of ontic state space

The basis {Fƛ} is a set of linearly independent 
vectors spanning the GPT vector space

note: in prepare-measure scenarios, the best known 
bound on the number of ontic states is (GPT dim)2

177

E.g. for a qubit, d = 4:



The relationship between 

noncontextuality and locality

178
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X Y

S T

X

Y

S

T

View the Bell scenario as a prepare-measure scenario:

B

AA B
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X Y

S T

X

Y

S

T

View the Bell scenario as a prepare-measure scenario:

(no-signaling 
from S to B)

PNC for this scenario with 
respect to the no-signaling 

operational equivalence implies 
P(XY|ST) satisfy Bell inequalities

Locality implies an 
instance of PNC

B

A B
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PNC implies Locality

The relevant operational equivalence:
<latexit sha1_base64="5Kstx24N+IlFzS6VKCulty5BvRg=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwrBVCUIAUulChbGIuhDakPkuE5r1bEj20Gqoiws/AoLAwixwjew8Te4j6G0HOlKx+fcK997gphRpR3nx8otLC4tr+RXC2vrG5tb9vZOXYlEYlLDggnZDJAijHJS01Qz0owlQVHASCPoXw39xgORigp+pwcx8SLU5TSkGGkj+fZ+W/bE/aWf3pZVBstw6nmU+XbRKTkjwHniTkgRTFD17e92R+AkIlxjhpRquU6svRRJTTEjWaGdKBIj3Edd0jKUo4goLx1dkcFDo3RgKKQpruFInZ5IUaTUIApMZ4R0T816Q/E/r5Xo8MJLKY8TTTgefxQmDGoBh5HADpUEazYwBGFJza4Q95BEWJvgCiYEd/bkeVI/KblnJffmtFihX+M48mAPHIBj4IJzUAHXoApqAINH8AxewZv1ZL1Y79bHuDVnTSLcBX9gff4CWoeYkg==</latexit>

⇢BS=s = ⇢BS=s0X

S

B
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PNC implies Locality

The relevant operational equivalence:
<latexit sha1_base64="5Kstx24N+IlFzS6VKCulty5BvRg=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwrBVCUIAUulChbGIuhDakPkuE5r1bEj20Gqoiws/AoLAwixwjew8Te4j6G0HOlKx+fcK997gphRpR3nx8otLC4tr+RXC2vrG5tb9vZOXYlEYlLDggnZDJAijHJS01Qz0owlQVHASCPoXw39xgORigp+pwcx8SLU5TSkGGkj+fZ+W/bE/aWf3pZVBstw6nmU+XbRKTkjwHniTkgRTFD17e92R+AkIlxjhpRquU6svRRJTTEjWaGdKBIj3Edd0jKUo4goLx1dkcFDo3RgKKQpruFInZ5IUaTUIApMZ4R0T816Q/E/r5Xo8MJLKY8TTTgefxQmDGoBh5HADpUEazYwBGFJza4Q95BEWJvgCiYEd/bkeVI/KblnJffmtFihX+M48mAPHIBj4IJzUAHXoApqAINH8AxewZv1ZL1Y79bHuDVnTSLcBX9gff4CWoeYkg==</latexit>

⇢BS=s = ⇢BS=s0

PNC:
<latexit sha1_base64="1gpTCUs6G+Vbo+2U5X8nyrJdAKY=">AAACDXicbVC7SgNBFL0bXzG+Vi1tBqOYNGFXRG0CQRvLiOYBybLMzk6SIbMPZmaFsOYHbPwVGwtFxM7ezr9x8ig08cCFwznnMnOPF3MmlWV9G5mFxaXllexqbm19Y3PL3N6pyygRhNZIxCPR9LCknIW0ppjitBkLigOP04bXvxz5jTsqJIvCWzWIqRPgbsg6jGClJdc8iAttruM+di/ub8qyiMpoRjoqumbeKlljoHliT0kepqi65lfbj0gS0FARjqVs2VasnBQLxQinw1w7kTTGpI+7tKVpiAMqnXR8zRAdasVHnUjoCRUaq783UhxIOQg8nQyw6slZbyT+57US1Tl3UhbGiaIhmTzUSThSERpVg3wmKFF8oAkmgum/ItLDAhOlC8zpEuzZk+dJ/bhkn5bs65N8hX1M6sjCHuxDAWw4gwpcQRVqQOABnuAFXo1H49l4M94n0YwxrXAX/sD4/AHXvJrg</latexit>

p(�B |S = s) = p(�B |S = s0)

X

S

<latexit sha1_base64="s6rWpPrMbQLTfdduPEN2toih4/E=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7EPaoWQymTY0jyHJCGXoV7hxoYhbv8JvcOffmD4W2nogcDjnhHvviVLOjPX9b6+wsrq2vlHcLG1t7+zulfcPmkZlmtAGUVzpdoQN5UzShmWW03aqKRYRp61oeDPxW49UG6bkvR2lNBS4L1nCCLZOeuhyF41x77pXrvhVfwq0TII5qcAc9V75qxsrkgkqLeHYmE7gpzbMsbaMcDoudTNDU0yGuE87jkosqAnz6cJjdOKUGCVKuyctmqq/f+RYGDMSkUsKbAdm0ZuI/3mdzCZXYc5kmlkqyWxQknFkFZpcj2KmKbF85AgmmrldERlgjYl1HZVcCcHiycukeVYNLqrB3Xmlxj5ndRThCI7hFAK4hBrcQh0aQEDAE7zAq6e9Z+/Ne59FC968wkP4A+/jB8dGkR8=</latexit>

�B
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PNC implies Locality

The relevant operational equivalence:

<latexit sha1_base64="AHDJaErtApg9Nk/mzOPt4AB8h9Q=">AAACH3icdVDLSsNAFJ3UV62vqEs3g0VsQUoiUt0Uim5cVrRtoAlhMpm0QycPZiZCif0TN/6JuHGhiLjr3zh9LLTVAxcO59zLvfd4CaNCGsZIyy0tr6yu5dcLG5tb2zv67l5LxCnHpIljFnPLQ4IwGpGmpJIRK+EEhR4jba9/Nfbb94QLGkd3cpAQJ0TdiAYUI6kkV6/aIg1dCyYlm6kpH7mXJ9bDbU2UYQ3+5x2XXb1oVIwJ4CIxZ6QIZmi4+pftxzgNSSQxQ0J0TCORToa4pJiRYcFOBUkQ7qMu6SgaoZAIJ5v8N4RHSvFhEHNVkYQT9edEhkIhBqGnOkMke2LeG4t/eZ1UBhdORqMklSTC00VByqCM4Tgs6FNOsGQDRRDmVN0KcQ9xhKWKtKBCMOdfXiSt04pZrZg3Z8U6fZ7GkQcH4BCUgAnOQR1cgwZoAgwewQt4A+/ak/aqfWif09acNotwH/yCNvoGyTahrA==</latexit>X

X

p(�B , X|S = s) =
X

X

p(�B , X|S = s0)

<latexit sha1_base64="Tx0GDHRgdoTOJMyyOWnY2M+l6B8=">AAACLHicbZDLSgMxGIUzXmu9jbp0EyzSdlNmRNRNodiNy4q2HeiMQyZN29DMhSQjlHEeyI3P4BsI4sIibn0O02kXtfWHwMc5JyT/8SJGhTSMsbayura+sZnbym/v7O7t6weHLRHGHJMmDlnILQ8JwmhAmpJKRqyIE+R7jLS9YX3itx8JFzQM7uUoIo6P+gHtUYykkly9bovYdy1o80HoJtbTXVWkD8l1GpUyLsMqXE4U5yPFsqsXjIqRDVwGcwYFMJuGq7/b3RDHPgkkZkiIjmlE0kkQlxQzkubtWJAI4SHqk47CAPlEOEm2bApPldKFvZCrE0iYqfM3EuQLMfI9lfSRHIhFbyL+53Vi2btyEhpEsSQBnj7UixmUIZw0B7uUEyzZSAHCnKq/QjxAHGGp+s2rEszFlZehdVYxLyrm7XmhRl+ndeTAMTgBJWCCS1ADN6ABmgCDZ/AGPsFYe9E+tC/texpd0WYVHoE/o/38AuYDqBc=</latexit>X

X

⇢BX|S=sp(X|S = s) =
X

X

⇢BX|S=s0p(X|S = s0)

<latexit sha1_base64="zAnGC2B5Q62xsU9wvRZdPEhuUCE="></latexit>X

X

µX|S=s(�B)p(X|S = s) =
X

X

µX|S=s0(�B)p(X|S = s0)

<latexit sha1_base64="b9Hl39bG+7yJVZlnujFKjufRkGA=">AAACMHicdVDNSgMxGMz6W+vfqkcvwSJtQcquiHopFD3osaJtF9qyZLPZNjSbXZKsUNo+khefwGfQi4IiXn0K0x9BWx0IGWbmI/nGixmVyrJejLn5hcWl5dRKenVtfWPT3NquyigRmFRwxCLheEgSRjmpKKoYcWJBUOgxUvM650O/dkuEpBG/Ud2YNEPU4jSgGCktueZFQyah68A412B6ykfuWd85uC7KfJxz+sMbFuF/mex3KJt3zYxVsEaAs8SekAyYoOyajw0/wklIuMIMSVm3rVg1e0goihkZpBuJJDHCHdQidU05Cols9kYLD+C+VnwYREIfruBI/TnRQ6GU3dDTyRCptpz2huJfXj1RwWmzR3mcKMLx+KEgYVBFcNge9KkgWLGuJggLqv8KcRsJhJXuOK1LsKdXniXVw4J9XLCvjjIl+jCuIwV2wR7IARucgBK4BGVQARjcgSfwCt6Me+PZeDc+xtE5Y1LhDvgF4/MLv52nrQ==</latexit>X

X

p(�B |X,S = s)p(X|S = s) =
X

X

p(�B |X,S = s0)p(X|S = s0)

NC then implies:

<latexit sha1_base64="1gpTCUs6G+Vbo+2U5X8nyrJdAKY=">AAACDXicbVC7SgNBFL0bXzG+Vi1tBqOYNGFXRG0CQRvLiOYBybLMzk6SIbMPZmaFsOYHbPwVGwtFxM7ezr9x8ig08cCFwznnMnOPF3MmlWV9G5mFxaXllexqbm19Y3PL3N6pyygRhNZIxCPR9LCknIW0ppjitBkLigOP04bXvxz5jTsqJIvCWzWIqRPgbsg6jGClJdc8iAttruM+di/ub8qyiMpoRjoqumbeKlljoHliT0kepqi65lfbj0gS0FARjqVs2VasnBQLxQinw1w7kTTGpI+7tKVpiAMqnXR8zRAdasVHnUjoCRUaq783UhxIOQg8nQyw6slZbyT+57US1Tl3UhbGiaIhmTzUSThSERpVg3wmKFF8oAkmgum/ItLDAhOlC8zpEuzZk+dJ/bhkn5bs65N8hX1M6sjCHuxDAWw4gwpcQRVqQOABnuAFXo1H49l4M94n0YwxrXAX/sD4/AHXvJrg</latexit>

p(�B |S = s) = p(�B |S = s0)
<latexit sha1_base64="VNtp6v/KVvo5vR/y/EuN6OaIEyc=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPoQcKuiHoMePEYwTwgu4TZyWwyZHZ2mekVwpLf8OJBEa/+g9/gzb9x8jhoYkFDUdVNd1eYSmHQdb+dwsrq2vpGcbO0tb2zu1feP2iaJNOMN1giE90OqeFSKN5AgZK3U81pHEreCoe3E7/1yLURiXrAUcqDmPaViASjaCXfjxJNpSTm3Jx2yxW36k5Blok3JxWYo94tf/m9hGUxV8gkNabjuSkGOdUomOTjkp8ZnlI2pH3esVTRmJsgn948JidW6RG73pZCMlV/T+Q0NmYUh7Yzpjgwi95E/M/rZBjdBLlQaYZcsdmiKJMEEzIJgPSE5gzlyBLKtLC3EjagmjK0MZVsCN7iy8ukeVH1rqre/WWlJj5ncRThCI7hDDy4hhrcQR0awCCFJ3iBVydznp03533WWnDmER7CHzgfP4dokhQ=</latexit>

8s, s0

X

S

<latexit sha1_base64="s6rWpPrMbQLTfdduPEN2toih4/E=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7EPaoWQymTY0jyHJCGXoV7hxoYhbv8JvcOffmD4W2nogcDjnhHvviVLOjPX9b6+wsrq2vlHcLG1t7+zulfcPmkZlmtAGUVzpdoQN5UzShmWW03aqKRYRp61oeDPxW49UG6bkvR2lNBS4L1nCCLZOeuhyF41x77pXrvhVfwq0TII5qcAc9V75qxsrkgkqLeHYmE7gpzbMsbaMcDoudTNDU0yGuE87jkosqAnz6cJjdOKUGCVKuyctmqq/f+RYGDMSkUsKbAdm0ZuI/3mdzCZXYc5kmlkqyWxQknFkFZpcj2KmKbF85AgmmrldERlgjYl1HZVcCcHiycukeVYNLqrB3Xmlxj5ndRThCI7hFAK4hBrcQh0aQEDAE7zAq6e9Z+/Ne59FC968wkP4A+/jB8dGkR8=</latexit>

�B
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PNC implies Locality

The relevant operational equivalence:

<latexit sha1_base64="AHDJaErtApg9Nk/mzOPt4AB8h9Q=">AAACH3icdVDLSsNAFJ3UV62vqEs3g0VsQUoiUt0Uim5cVrRtoAlhMpm0QycPZiZCif0TN/6JuHGhiLjr3zh9LLTVAxcO59zLvfd4CaNCGsZIyy0tr6yu5dcLG5tb2zv67l5LxCnHpIljFnPLQ4IwGpGmpJIRK+EEhR4jba9/Nfbb94QLGkd3cpAQJ0TdiAYUI6kkV6/aIg1dCyYlm6kpH7mXJ9bDbU2UYQ3+5x2XXb1oVIwJ4CIxZ6QIZmi4+pftxzgNSSQxQ0J0TCORToa4pJiRYcFOBUkQ7qMu6SgaoZAIJ5v8N4RHSvFhEHNVkYQT9edEhkIhBqGnOkMke2LeG4t/eZ1UBhdORqMklSTC00VByqCM4Tgs6FNOsGQDRRDmVN0KcQ9xhKWKtKBCMOdfXiSt04pZrZg3Z8U6fZ7GkQcH4BCUgAnOQR1cgwZoAgwewQt4A+/ak/aqfWif09acNotwH/yCNvoGyTahrA==</latexit>X

X

p(�B , X|S = s) =
X

X

p(�B , X|S = s0)

<latexit sha1_base64="Tx0GDHRgdoTOJMyyOWnY2M+l6B8=">AAACLHicbZDLSgMxGIUzXmu9jbp0EyzSdlNmRNRNodiNy4q2HeiMQyZN29DMhSQjlHEeyI3P4BsI4sIibn0O02kXtfWHwMc5JyT/8SJGhTSMsbayura+sZnbym/v7O7t6weHLRHGHJMmDlnILQ8JwmhAmpJKRqyIE+R7jLS9YX3itx8JFzQM7uUoIo6P+gHtUYykkly9bovYdy1o80HoJtbTXVWkD8l1GpUyLsMqXE4U5yPFsqsXjIqRDVwGcwYFMJuGq7/b3RDHPgkkZkiIjmlE0kkQlxQzkubtWJAI4SHqk47CAPlEOEm2bApPldKFvZCrE0iYqfM3EuQLMfI9lfSRHIhFbyL+53Vi2btyEhpEsSQBnj7UixmUIZw0B7uUEyzZSAHCnKq/QjxAHGGp+s2rEszFlZehdVYxLyrm7XmhRl+ndeTAMTgBJWCCS1ADN6ABmgCDZ/AGPsFYe9E+tC/texpd0WYVHoE/o/38AuYDqBc=</latexit>X

X

⇢BX|S=sp(X|S = s) =
X

X

⇢BX|S=s0p(X|S = s0)

<latexit sha1_base64="zAnGC2B5Q62xsU9wvRZdPEhuUCE="></latexit>X

X

µX|S=s(�B)p(X|S = s) =
X

X

µX|S=s0(�B)p(X|S = s0)

<latexit sha1_base64="b9Hl39bG+7yJVZlnujFKjufRkGA=">AAACMHicdVDNSgMxGMz6W+vfqkcvwSJtQcquiHopFD3osaJtF9qyZLPZNjSbXZKsUNo+khefwGfQi4IiXn0K0x9BWx0IGWbmI/nGixmVyrJejLn5hcWl5dRKenVtfWPT3NquyigRmFRwxCLheEgSRjmpKKoYcWJBUOgxUvM650O/dkuEpBG/Ud2YNEPU4jSgGCktueZFQyah68A412B6ykfuWd85uC7KfJxz+sMbFuF/mex3KJt3zYxVsEaAs8SekAyYoOyajw0/wklIuMIMSVm3rVg1e0goihkZpBuJJDHCHdQidU05Cols9kYLD+C+VnwYREIfruBI/TnRQ6GU3dDTyRCptpz2huJfXj1RwWmzR3mcKMLx+KEgYVBFcNge9KkgWLGuJggLqv8KcRsJhJXuOK1LsKdXniXVw4J9XLCvjjIl+jCuIwV2wR7IARucgBK4BGVQARjcgSfwCt6Me+PZeDc+xtE5Y1LhDvgF4/MLv52nrQ==</latexit>X

X

p(�B |X,S = s)p(X|S = s) =
X

X

p(�B |X,S = s0)p(X|S = s0)

NC then implies:

PNC:
<latexit sha1_base64="yxal9/yYV+O1y2zs/OhKfC39aW0=">AAACBnicbVC7SgNBFL0bXzG+Vi1FGAxC0oRdEbURgjaWEU0iJMsyOzubDJl9MDMrhDWVjb9iY6GIbb7Bzr9x8ihi4oELh3POZeYeL+FMKsv6MXJLyyura/n1wsbm1vaOubvXkHEqCK2TmMfiwcOSchbRumKK04dEUBx6nDa93vXIbz5SIVkc3at+Qp0QdyIWMIKVllzzMCm1uY772L16uiujSzQjlF2zaFWsMdAisaekCFPUXPO77cckDWmkCMdStmwrUU6GhWKE00GhnUqaYNLDHdrSNMIhlU42PmOAjrXioyAWeiKFxursRoZDKfuhp5MhVl05743E/7xWqoILJ2NRkioakclDQcqRitGoE+QzQYnifU0wEUz/FZEuFpgo3VxBl2DPn7xIGicV+6xi354Wq2w4qSMPB3AEJbDhHKpwAzWoA4FneIV3+DBejDfj0/iaRHPGtMJ9+ANj+Av7uphE</latexit>

p(�B |S) = p(�B)

X

S

<latexit sha1_base64="s6rWpPrMbQLTfdduPEN2toih4/E=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7EPaoWQymTY0jyHJCGXoV7hxoYhbv8JvcOffmD4W2nogcDjnhHvviVLOjPX9b6+wsrq2vlHcLG1t7+zulfcPmkZlmtAGUVzpdoQN5UzShmWW03aqKRYRp61oeDPxW49UG6bkvR2lNBS4L1nCCLZOeuhyF41x77pXrvhVfwq0TII5qcAc9V75qxsrkgkqLeHYmE7gpzbMsbaMcDoudTNDU0yGuE87jkosqAnz6cJjdOKUGCVKuyctmqq/f+RYGDMSkUsKbAdm0ZuI/3mdzCZXYc5kmlkqyWxQknFkFZpcj2KmKbF85AgmmrldERlgjYl1HZVcCcHiycukeVYNLqrB3Xmlxj5ndRThCI7hFAK4hBrcQh0aQEDAE7zAq6e9Z+/Ne59FC968wkP4A+/jB8dGkR8=</latexit>

�B
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PNC implies Locality

Now write the empirical predictions as
<latexit sha1_base64="pB2zHbFDrdiy1FVXbWy3X5wemqg="></latexit>

p(XY |ST ) =
X

�B

p(Y |T,�B)p(�B , X|S)

<latexit sha1_base64="/Int5O0+WnkuoHyJfQ9skB0/M2w="></latexit>

p(XY |ST ) =
X

�B

p(Y |T,�B)p(X|�B , S)p(�B |S)

<latexit sha1_base64="vawFLODDgOM1X0Te6EgJveJ1BXA="></latexit>

p(XY |ST ) =
X

�B

p(Y |T,�B)p(X|�B , S)p(�B)

⇒ Bell inequalities!!

Y

T<latexit sha1_base64="s6rWpPrMbQLTfdduPEN2toih4/E=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7EPaoWQymTY0jyHJCGXoV7hxoYhbv8JvcOffmD4W2nogcDjnhHvviVLOjPX9b6+wsrq2vlHcLG1t7+zulfcPmkZlmtAGUVzpdoQN5UzShmWW03aqKRYRp61oeDPxW49UG6bkvR2lNBS4L1nCCLZOeuhyF41x77pXrvhVfwq0TII5qcAc9V75qxsrkgkqLeHYmE7gpzbMsbaMcDoudTNDU0yGuE87jkosqAnz6cJjdOKUGCVKuyctmqq/f+RYGDMSkUsKbAdm0ZuI/3mdzCZXYc5kmlkqyWxQknFkFZpcj2KmKbF85AgmmrldERlgjYl1HZVcCcHiycukeVYNLqrB3Xmlxj5ndRThCI7hFAK4hBrcQh0aQEDAE7zAq6e9Z+/Ne59FC968wkP4A+/jB8dGkR8=</latexit>

�B

PNC:
<latexit sha1_base64="yxal9/yYV+O1y2zs/OhKfC39aW0=">AAACBnicbVC7SgNBFL0bXzG+Vi1FGAxC0oRdEbURgjaWEU0iJMsyOzubDJl9MDMrhDWVjb9iY6GIbb7Bzr9x8ihi4oELh3POZeYeL+FMKsv6MXJLyyura/n1wsbm1vaOubvXkHEqCK2TmMfiwcOSchbRumKK04dEUBx6nDa93vXIbz5SIVkc3at+Qp0QdyIWMIKVllzzMCm1uY772L16uiujSzQjlF2zaFWsMdAisaekCFPUXPO77cckDWmkCMdStmwrUU6GhWKE00GhnUqaYNLDHdrSNMIhlU42PmOAjrXioyAWeiKFxursRoZDKfuhp5MhVl05743E/7xWqoILJ2NRkioakclDQcqRitGoE+QzQYnifU0wEUz/FZEuFpgo3VxBl2DPn7xIGicV+6xi354Wq2w4qSMPB3AEJbDhHKpwAzWoA4FneIV3+DBejDfj0/iaRHPGtMJ9+ANj+Av7uphE</latexit>

p(�B |S) = p(�B)

X

S
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<latexit sha1_base64="WNBmTlRtr+Biq6PzYI3UbWPHeQM="></latexit>

p(X,�B |S) =
X

�A

p(X|S,�A)p(�A,�B)

<latexit sha1_base64="UFArFWpFFVC0FTLtfiW+ibcB1pI="></latexit>X

X

p(X,�B |S) =
X

X

X

�A

p(X|S,�A)p(�A,�B)

<latexit sha1_base64="4FwyJUIejrLDcVGi7X02a9NLsXY=">AAACInicbVBJSwMxGM3UrdZt1KOXYBFakDIj4nIQWr14rGgX6AxDJpNpQzMLSUYoY3+LF3+IFy8eFPUk+GNMF7fWBx883nsfyffcmFEhDeNdy8zMzs0vZBdzS8srq2v6+kZdRAnHpIYjFvGmiwRhNCQ1SSUjzZgTFLiMNNzu2cBvXBMuaBReyV5M7AC1Q+pTjKSSHP04LlhMxT3knN5cFuEJtEQSOOmXWOnDn0Rl9ztbhI6eN0rGEHCamGOSB2NUHf3V8iKcBCSUmCEhWqYRSztFXFLMSD9nJYLECHdRm7QUDVFAhJ0OT+zDHaV40I+4mlDCofp7I0WBEL3AVckAyY6Y9Abif14rkf6RndIwTiQJ8eghP2FQRnDQF/QoJ1iyniIIc6r+CnEHcYSlajWnSjAnT54m9b2SeVAyL/bzZXo/qiMLtsA2KAATHIIyOAdVUAMY3IIH8ASetTvtUXvR3kbRjDaucBP8gfbxCSeao4o=</latexit>

p(�B |S) =
X

�A

p(�A,�B)

<latexit sha1_base64="y2vZgDdRyS4E+JmbiV/0glvgPRg=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQN2VGRN0IRTcuK9gHtGPJZDJtaJIZkoxShv6HGxeKuPUX/AZ3/o3pY6GtBy4czjmX3Jwg4Uwb1/12ckvLK6tr+fXCxubW9k5xd6+h41QRWicxj1UrwJpyJmndMMNpK1EUi4DTZjC4HvvNB6o0i+WdGSbUF7gnWcQINla6v0zKHW7TIe5eHaNuseRW3AnQIvFmpAQz1LrFr04Yk1RQaQjHWrc9NzF+hpVhhNNRoZNqmmAywD3atlRiQbWfTa4eoSOrhCiKlR1p0ET9vZFhofVQBDYpsOnreW8s/ue1UxNd+BmTSWqoJNOHopQjE6NxBShkihLDh5Zgopi9FZE+VpgYW1TBluDNf3mRNE4q3lnFuz0tVdnntI48HMAhlMGDc6jCDdSgDgQUPMELvDqPzrPz5rxPozlnVuE+/IHz8QNCuZJv</latexit>

= p(�B)

X

Y

S

T
<latexit sha1_base64="s6rWpPrMbQLTfdduPEN2toih4/E=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7EPaoWQymTY0jyHJCGXoV7hxoYhbv8JvcOffmD4W2nogcDjnhHvviVLOjPX9b6+wsrq2vlHcLG1t7+zulfcPmkZlmtAGUVzpdoQN5UzShmWW03aqKRYRp61oeDPxW49UG6bkvR2lNBS4L1nCCLZOeuhyF41x77pXrvhVfwq0TII5qcAc9V75qxsrkgkqLeHYmE7gpzbMsbaMcDoudTNDU0yGuE87jkosqAnz6cJjdOKUGCVKuyctmqq/f+RYGDMSkUsKbAdm0ZuI/3mdzCZXYc5kmlkqyWxQknFkFZpcj2KmKbF85AgmmrldERlgjYl1HZVcCcHiycukeVYNLqrB3Xmlxj5ndRThCI7hFAK4hBrcQh0aQEDAE7zAq6e9Z+/Ne59FC968wkP4A+/jB8dGkR8=</latexit>

�B

<latexit sha1_base64="TPMHt2QVMbSaBac8R+0pGfRCbI8=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuKG5cV7EPaoWQymTY0jyHJCGXoV7hxoYhbv8JvcOffmD4W2nogcDjnhHvviVLOjPX9b6+wsrq2vlHcLG1t7+zulfcPmkZlmtAGUVzpdoQN5UzShmWW03aqKRYRp61oeDPxW49UG6bkvR2lNBS4L1nCCLZOeuhyF41x77pXrvhVfwq0TII5qcAc9V75qxsrkgkqLeHYmE7gpzbMsbaMcDoudTNDU0yGuE87jkosqAnz6cJjdOKUGCVKuyctmqq/f+RYGDMSkUsKbAdm0ZuI/3mdzCZXYc5kmlkqyWxQknFkFZpcj2KmKbF85AgmmrldERlgjYl1HZVcCcHiycukeVYNLqrB3Xmlxj5ndRThCI7hFAK4hBrcQh0aQEDAE7zAq6e9Z+/Ne59FC968wkP4A+/jB8XCkR4=</latexit>

�A

Locality implies PNC (wrt the no-signaling OE)

PNC:
<latexit sha1_base64="yxal9/yYV+O1y2zs/OhKfC39aW0=">AAACBnicbVC7SgNBFL0bXzG+Vi1FGAxC0oRdEbURgjaWEU0iJMsyOzubDJl9MDMrhDWVjb9iY6GIbb7Bzr9x8ihi4oELh3POZeYeL+FMKsv6MXJLyyura/n1wsbm1vaOubvXkHEqCK2TmMfiwcOSchbRumKK04dEUBx6nDa93vXIbz5SIVkc3at+Qp0QdyIWMIKVllzzMCm1uY772L16uiujSzQjlF2zaFWsMdAisaekCFPUXPO77cckDWmkCMdStmwrUU6GhWKE00GhnUqaYNLDHdrSNMIhlU42PmOAjrXioyAWeiKFxursRoZDKfuhp5MhVl05743E/7xWqoILJ2NRkioakclDQcqRitGoE+QzQYnifU0wEUz/FZEuFpgo3VxBl2DPn7xIGicV+6xi354Wq2w4qSMPB3AEJbDhHKpwAzWoA4FneIV3+DBejDfj0/iaRHPGtMJ9+ANj+Av7uphE</latexit>

p(�B |S) = p(�B)
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Spekkens toy theory example:

“…to get some intuition for how measurements on an entangled state look in a local and noncontextual theory…”

X

S

<latexit sha1_base64="s6rWpPrMbQLTfdduPEN2toih4/E=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7EPaoWQymTY0jyHJCGXoV7hxoYhbv8JvcOffmD4W2nogcDjnhHvviVLOjPX9b6+wsrq2vlHcLG1t7+zulfcPmkZlmtAGUVzpdoQN5UzShmWW03aqKRYRp61oeDPxW49UG6bkvR2lNBS4L1nCCLZOeuhyF41x77pXrvhVfwq0TII5qcAc9V75qxsrkgkqLeHYmE7gpzbMsbaMcDoudTNDU0yGuE87jkosqAnz6cJjdOKUGCVKuyctmqq/f+RYGDMSkUsKbAdm0ZuI/3mdzCZXYc5kmlkqyWxQknFkFZpcj2KmKbF85AgmmrldERlgjYl1HZVcCcHiycukeVYNLqrB3Xmlxj5ndRThCI7hFAK4hBrcQh0aQEDAE7zAq6e9Z+/Ne59FC968wkP4A+/jB8dGkR8=</latexit>

�B

<latexit sha1_base64="TPMHt2QVMbSaBac8R+0pGfRCbI8=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuKG5cV7EPaoWQymTY0jyHJCGXoV7hxoYhbv8JvcOffmD4W2nogcDjnhHvviVLOjPX9b6+wsrq2vlHcLG1t7+zulfcPmkZlmtAGUVzpdoQN5UzShmWW03aqKRYRp61oeDPxW49UG6bkvR2lNBS4L1nCCLZOeuhyF41x77pXrvhVfwq0TII5qcAc9V75qxsrkgkqLeHYmE7gpzbMsbaMcDoudTNDU0yGuE87jkosqAnz6cJjdOKUGCVKuyctmqq/f+RYGDMSkUsKbAdm0ZuI/3mdzCZXYc5kmlkqyWxQknFkFZpcj2KmKbF85AgmmrldERlgjYl1HZVcCcHiycukeVYNLqrB3Xmlxj5ndRThCI7hFAK4hBrcQh0aQEDAE7zAq6e9Z+/Ne59FC968wkP4A+/jB8XCkR4=</latexit>

�A

or

<latexit sha1_base64="okowb3342qc9rCcM6r1MJUEFyRs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKe6KqMeAFy9CBPOAZAmzk9lkyOzsMtMrhCUf4cWDIl79DL/Bm3/jbJKDJhY0FFXddHcFiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtbtgBouheINFCh5O9GcRoHkrWB0k/utR66NiNUDjhPuR3SgRCgYRSu17nqZe+ZNeuWKW3WnIMvEm5MKzFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY9d0JOrNInYaxtKSRT9fdERiNjxlFgOyOKQ7Po5eJ/XifF8NrPhEpS5IrNFoWpJBiT/HfSF5ozlGNLKNPC3krYkGrK0CZUsiF4iy8vk+Z51busevcXlZr4nMVRhCM4hlPw4ApqcAt1aACDETzBC7w6ifPsvDnvs9aCM4/wEP7A+fgBskKP4Q==</latexit>

M0/1

<latexit sha1_base64="tYuxjVXsFIhzBEZOw+/mLRFqbr4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMgiHFXRD0GvHgRIpgHJEuYncwmQ2Znl5leISz5CC8eFPHqZ/gN3vwbJ4+DJhY0FFXddHcFiRQGXffbyS0tr6yu5dcLG5tb2zvF3b26iVPNeI3FMtbNgBouheI1FCh5M9GcRoHkjWBwM/Ybj1wbEasHHCbcj2hPiVAwilZq3HWyk7PTUadYcsvuBGSReDNSghmqneJXuxuzNOIKmaTGtDw3QT+jGgWTfFRop4YnlA1oj7csVTTixs8m547IkVW6JIy1LYVkov6eyGhkzDAKbGdEsW/mvbH4n9dKMbz2M6GSFLli00VhKgnGZPw76QrNGcqhJZRpYW8lrE81ZWgTKtgQvPmXF0n9vOxdlr37i1JFfE7jyMMBHMIxeHAFFbiFKtSAwQCe4AVencR5dt6c92lrzplFuA9/4Hz8AKSLj9g=</latexit>

M+/� or

different measurements just give different ways of 
resolving one’s uncertainty about A… and also about 
B, since the two are perfectly correlated

marginal state …conditioned on X

-the true ontic state of B doesn’t change at all
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Spekkens toy theory example:

-the true ontic state of B doesn’t change at all
-only one’s knowledge changes
-inference, not influence!

“…to get some intuition for how measurements on an entangled state look in a local and noncontextual theory…”

X

S

<latexit sha1_base64="s6rWpPrMbQLTfdduPEN2toih4/E=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7EPaoWQymTY0jyHJCGXoV7hxoYhbv8JvcOffmD4W2nogcDjnhHvviVLOjPX9b6+wsrq2vlHcLG1t7+zulfcPmkZlmtAGUVzpdoQN5UzShmWW03aqKRYRp61oeDPxW49UG6bkvR2lNBS4L1nCCLZOeuhyF41x77pXrvhVfwq0TII5qcAc9V75qxsrkgkqLeHYmE7gpzbMsbaMcDoudTNDU0yGuE87jkosqAnz6cJjdOKUGCVKuyctmqq/f+RYGDMSkUsKbAdm0ZuI/3mdzCZXYc5kmlkqyWxQknFkFZpcj2KmKbF85AgmmrldERlgjYl1HZVcCcHiycukeVYNLqrB3Xmlxj5ndRThCI7hFAK4hBrcQh0aQEDAE7zAq6e9Z+/Ne59FC968wkP4A+/jB8dGkR8=</latexit>

�B

<latexit sha1_base64="TPMHt2QVMbSaBac8R+0pGfRCbI8=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuKG5cV7EPaoWQymTY0jyHJCGXoV7hxoYhbv8JvcOffmD4W2nogcDjnhHvviVLOjPX9b6+wsrq2vlHcLG1t7+zulfcPmkZlmtAGUVzpdoQN5UzShmWW03aqKRYRp61oeDPxW49UG6bkvR2lNBS4L1nCCLZOeuhyF41x77pXrvhVfwq0TII5qcAc9V75qxsrkgkqLeHYmE7gpzbMsbaMcDoudTNDU0yGuE87jkosqAnz6cJjdOKUGCVKuyctmqq/f+RYGDMSkUsKbAdm0ZuI/3mdzCZXYc5kmlkqyWxQknFkFZpcj2KmKbF85AgmmrldERlgjYl1HZVcCcHiycukeVYNLqrB3Xmlxj5ndRThCI7hFAK4hBrcQh0aQEDAE7zAq6e9Z+/Ne59FC968wkP4A+/jB8XCkR4=</latexit>

�A

or

<latexit sha1_base64="okowb3342qc9rCcM6r1MJUEFyRs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKe6KqMeAFy9CBPOAZAmzk9lkyOzsMtMrhCUf4cWDIl79DL/Bm3/jbJKDJhY0FFXddHcFiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtbtgBouheINFCh5O9GcRoHkrWB0k/utR66NiNUDjhPuR3SgRCgYRSu17nqZe+ZNeuWKW3WnIMvEm5MKzFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY9d0JOrNInYaxtKSRT9fdERiNjxlFgOyOKQ7Po5eJ/XifF8NrPhEpS5IrNFoWpJBiT/HfSF5ozlGNLKNPC3krYkGrK0CZUsiF4iy8vk+Z51busevcXlZr4nMVRhCM4hlPw4ApqcAt1aACDETzBC7w6ifPsvDnvs9aCM4/wEP7A+fgBskKP4Q==</latexit>

M0/1

<latexit sha1_base64="tYuxjVXsFIhzBEZOw+/mLRFqbr4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMgiHFXRD0GvHgRIpgHJEuYncwmQ2Znl5leISz5CC8eFPHqZ/gN3vwbJ4+DJhY0FFXddHcFiRQGXffbyS0tr6yu5dcLG5tb2zvF3b26iVPNeI3FMtbNgBouheI1FCh5M9GcRoHkjWBwM/Ybj1wbEasHHCbcj2hPiVAwilZq3HWyk7PTUadYcsvuBGSReDNSghmqneJXuxuzNOIKmaTGtDw3QT+jGgWTfFRop4YnlA1oj7csVTTixs8m547IkVW6JIy1LYVkov6eyGhkzDAKbGdEsW/mvbH4n9dKMbz2M6GSFLli00VhKgnGZPw76QrNGcqhJZRpYW8lrE81ZWgTKtgQvPmXF0n9vOxdlr37i1JFfE7jyMMBHMIxeHAFFbiFKtSAwQCe4AVencR5dt6c92lrzplFuA9/4Hz8AKSLj9g=</latexit>

M+/� or

different measurements just give different ways of 
resolving one’s uncertainty about A… and also about 
B, since the two are perfectly correlated
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compare to quantum theory:

-inference, not influence?
-this suggests that the wavefunction is epistemic, since it is updated in 
a manner analogous to Bayesian updating of probability distributions

“…to get some intuition for how measurements on an entangled state look in a local and noncontextual theory…”

X

S

<latexit sha1_base64="s6rWpPrMbQLTfdduPEN2toih4/E=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7EPaoWQymTY0jyHJCGXoV7hxoYhbv8JvcOffmD4W2nogcDjnhHvviVLOjPX9b6+wsrq2vlHcLG1t7+zulfcPmkZlmtAGUVzpdoQN5UzShmWW03aqKRYRp61oeDPxW49UG6bkvR2lNBS4L1nCCLZOeuhyF41x77pXrvhVfwq0TII5qcAc9V75qxsrkgkqLeHYmE7gpzbMsbaMcDoudTNDU0yGuE87jkosqAnz6cJjdOKUGCVKuyctmqq/f+RYGDMSkUsKbAdm0ZuI/3mdzCZXYc5kmlkqyWxQknFkFZpcj2KmKbF85AgmmrldERlgjYl1HZVcCcHiycukeVYNLqrB3Xmlxj5ndRThCI7hFAK4hBrcQh0aQEDAE7zAq6e9Z+/Ne59FC968wkP4A+/jB8dGkR8=</latexit>

�B

<latexit sha1_base64="TPMHt2QVMbSaBac8R+0pGfRCbI8=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuKG5cV7EPaoWQymTY0jyHJCGXoV7hxoYhbv8JvcOffmD4W2nogcDjnhHvviVLOjPX9b6+wsrq2vlHcLG1t7+zulfcPmkZlmtAGUVzpdoQN5UzShmWW03aqKRYRp61oeDPxW49UG6bkvR2lNBS4L1nCCLZOeuhyF41x77pXrvhVfwq0TII5qcAc9V75qxsrkgkqLeHYmE7gpzbMsbaMcDoudTNDU0yGuE87jkosqAnz6cJjdOKUGCVKuyctmqq/f+RYGDMSkUsKbAdm0ZuI/3mdzCZXYc5kmlkqyWxQknFkFZpcj2KmKbF85AgmmrldERlgjYl1HZVcCcHiycukeVYNLqrB3Xmlxj5ndRThCI7hFAK4hBrcQh0aQEDAE7zAq6e9Z+/Ne59FC968wkP4A+/jB8XCkR4=</latexit>

�A

<latexit sha1_base64="CqCbjXP1p07kv7i37PH72SixhII=">AAAB/XicbZBLSwMxFIXv+Kz1NT52boJFcFVmiqjLghvdVbAP6Awlk2ba0ExmSDJCHQb/ihsXirh1629w578x03ahrRcCh3NuyMkXJJwp7Tjf1tLyyuraemmjvLm1vbNr7+23VJxKQpsk5rHsBFhRzgRtaqY57SSS4ijgtB2Mroq8fU+lYrG40+OE+hEeCBYygrWxevahF0pMMi/CehgE2U2eZ7W8Z1ecqjMZtCjcmajAbBo9+8vrxySNqNCEY6W6rpNoP8NSM8JpXvZSRRNMRnhAu0YKHFHlZ5P2OToxTh+FsTRHaDRxf9/IcKTUOArMZtFSzWeF+V/WTXV46WdMJKmmgkwfClOOdIwKFKjPJCWaj43ARDLTFZEhNji0AVY2ENz5Ly+KVq3qnlfd27NKnX1OcZTgCI7hFFy4gDpcQwOaQOABnuAFXq1H69l6s96nq0vWDOEB/Bnr4wdTjpaF</latexit>I
2

<latexit sha1_base64="s8NVrWx8jn6p8Hm6LBfjyrqUCQU=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48RzEOSJcxOepMhM7PLzKwQYr7CiwdFvPoVfoM3/8bJ46CJBQ1FVTfdXVEquLG+/+3lVlbX1jfym4Wt7Z3dveL+Qd0kmWZYY4lIdDOiBgVXWLPcCmymGqmMBDaiwfXEbzygNjxRd3aYYihpT/GYM2qddP/otzVVPYGdYskv+1OQZRLMSQnmqHaKX+1uwjKJyjJBjWkFfmrDEdWWM4HjQjszmFI2oD1sOaqoRBOOpgePyYlTuiROtCtlyVT9PTGi0pihjFynpLZvFr2J+J/Xymx8FY64SjOLis0WxZkgNiGT70mXa2RWDB2hTHN3K2F9qimzLqOCCyFYfHmZ1M/KwUU5uD0vVfjnLI48HMExnEIAl1CBG6hCDRhIeIIXePW09+y9ee+z1pw3j/AQ/sD7+AH73JFC</latexit>

|0i
<latexit sha1_base64="3VIUIc4Ka7l5N/yhs17PBSMJx9Q=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48RzEOSJcxOepMhM7PLzKwQYr7CiwdFvPoVfoM3/8bJ46CJBQ1FVTfdXVEquLG+/+3lVlbX1jfym4Wt7Z3dveL+Qd0kmWZYY4lIdDOiBgVXWLPcCmymGqmMBDaiwfXEbzygNjxRd3aYYihpT/GYM2qddP8YtDVVPYGdYskv+1OQZRLMSQnmqHaKX+1uwjKJyjJBjWkFfmrDEdWWM4HjQjszmFI2oD1sOaqoRBOOpgePyYlTuiROtCtlyVT9PTGi0pihjFynpLZvFr2J+J/Xymx8FY64SjOLis0WxZkgNiGT70mXa2RWDB2hTHN3K2F9qimzLqOCCyFYfHmZ1M/KwUU5uD0vVfjnLI48HMExnEIAl1CBG6hCDRhIeIIXePW09+y9ee+z1pw3j/AQ/sD7+AH9Z5FD</latexit>

|1i
<latexit sha1_base64="y8ht4EUbagpvY5NIrY5M5XErN0c="></latexit>I
2
=

1

2
|0ih0|+ 1

2
|1ih1|

<latexit sha1_base64="kmSec5sZJ1dYZddznbfMrJY6lS4="></latexit>I
2
=

1

2
|+ih+|+ 1

2
|�ih�|

<latexit sha1_base64="tM8o4LPXtZdi0lBen3IfuIoAErY=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgxbArQT0GvHiMYB6YLGF20psMmZ1dZmaFsOYvvHhQxKs/4Td482+cPA6aWNBQVHXT3RUkgmvjut9ObmV1bX0jv1nY2t7Z3SvuHzR0nCqGdRaLWLUCqlFwiXXDjcBWopBGgcBmMLye+M0HVJrH8s6MEvQj2pc85IwaK90/npGOorIvsFssuWV3CrJMvDkpwRy1bvGr04tZGqE0TFCt256bGD+jynAmcFzopBoTyoa0j21LJY1Q+9n04jE5sUqPhLGyJQ2Zqr8nMhppPYoC2xlRM9CL3kT8z2unJrzyMy6T1KBks0VhKoiJyeR90uMKmREjSyhT3N5K2IAqyowNqWBD8BZfXiaN87J3UfZuK6Uq/5zFkYcjOIZT8OASqnADNagDAwlP8AKvjnaenTfnfdaac+YRHsIfOB8/TkeRaQ==</latexit>

|�i
<latexit sha1_base64="KdJrdMX6WgUDj9TtPOeFPsKlUGc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMePEYwTwwWcLspDcZMju7zMwKYc1fePGgiFd/wm/w5t84eRw0saChqOqmuytIBNfGdb+d3Mrq2vpGfrOwtb2zu1fcP2joOFUM6ywWsWoFVKPgEuuGG4GtRCGNAoHNYHg98ZsPqDSP5Z0ZJehHtC95yBk1Vrp/PCMdRWVfYLdYcsvuFGSZeHNSgjlq3eJXpxezNEJpmKBatz03MX5GleFM4LjQSTUmlA1pH9uWShqh9rPpxWNyYpUeCWNlSxoyVX9PZDTSehQFtjOiZqAXvYn4n9dOTXjlZ1wmqUHJZovCVBATk8n7pMcVMiNGllCmuL2VsAFVlBkbUsGG4C2+vEwa52XvouzdVkpV/jmLIw9HcAyn4MElVOEGalAHBhKe4AVeHe08O2/O+6w158wjPIQ/cD5+AEsvkWc=</latexit>

|+i

or

where

<latexit sha1_base64="okowb3342qc9rCcM6r1MJUEFyRs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKe6KqMeAFy9CBPOAZAmzk9lkyOzsMtMrhCUf4cWDIl79DL/Bm3/jbJKDJhY0FFXddHcFiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtbtgBouheINFCh5O9GcRoHkrWB0k/utR66NiNUDjhPuR3SgRCgYRSu17nqZe+ZNeuWKW3WnIMvEm5MKzFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY9d0JOrNInYaxtKSRT9fdERiNjxlFgOyOKQ7Po5eJ/XifF8NrPhEpS5IrNFoWpJBiT/HfSF5ozlGNLKNPC3krYkGrK0CZUsiF4iy8vk+Z51busevcXlZr4nMVRhCM4hlPw4ApqcAt1aACDETzBC7w6ifPsvDnvs9aCM4/wEP7A+fgBskKP4Q==</latexit>

M0/1

<latexit sha1_base64="tYuxjVXsFIhzBEZOw+/mLRFqbr4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMgiHFXRD0GvHgRIpgHJEuYncwmQ2Znl5leISz5CC8eFPHqZ/gN3vwbJ4+DJhY0FFXddHcFiRQGXffbyS0tr6yu5dcLG5tb2zvF3b26iVPNeI3FMtbNgBouheI1FCh5M9GcRoHkjWBwM/Ybj1wbEasHHCbcj2hPiVAwilZq3HWyk7PTUadYcsvuBGSReDNSghmqneJXuxuzNOIKmaTGtDw3QT+jGgWTfFRop4YnlA1oj7csVTTixs8m547IkVW6JIy1LYVkov6eyGhkzDAKbGdEsW/mvbH4n9dKMbz2M6GSFLli00VhKgnGZPw76QrNGcqhJZRpYW8lrE81ZWgTKtgQvPmXF0n9vOxdlr37i1JFfE7jyMMBHMIxeHAFFbiFKtSAwQCe4AVencR5dt6c92lrzplFuA9/4Hz8AKSLj9g=</latexit>

M+/� or

where

<latexit sha1_base64="CqCbjXP1p07kv7i37PH72SixhII=">AAAB/XicbZBLSwMxFIXv+Kz1NT52boJFcFVmiqjLghvdVbAP6Awlk2ba0ExmSDJCHQb/ihsXirh1629w578x03ahrRcCh3NuyMkXJJwp7Tjf1tLyyuraemmjvLm1vbNr7+23VJxKQpsk5rHsBFhRzgRtaqY57SSS4ijgtB2Mroq8fU+lYrG40+OE+hEeCBYygrWxevahF0pMMi/CehgE2U2eZ7W8Z1ecqjMZtCjcmajAbBo9+8vrxySNqNCEY6W6rpNoP8NSM8JpXvZSRRNMRnhAu0YKHFHlZ5P2OToxTh+FsTRHaDRxf9/IcKTUOArMZtFSzWeF+V/WTXV46WdMJKmmgkwfClOOdIwKFKjPJCWaj43ARDLTFZEhNji0AVY2ENz5Ly+KVq3qnlfd27NKnX1OcZTgCI7hFFy4gDpcQwOaQOABnuAFXq1H69l6s96nq0vWDOEB/Bnr4wdTjpaF</latexit>I
2



So, no noncontextual ontological model 

describes our world. Now what?

arXiv:2009.03297
190

https://pirsa.org/20110051

https://arxiv.org/pdf/2009.03297.pdf
https://pirsa.org/20110051


Abandon Leibniz’s principle? No.

Give up on realism? No. 

We need to revise our notion of realism! 
(i.e., the ontological models framework)

arXiv:2009.03297

So let me say a few words about our nascent 
approach to constructing a new kind of 
realist interpretation of quantum theory

191

https://pirsa.org/20110051

https://arxiv.org/pdf/2009.03297.pdf
https://pirsa.org/20110051


Guiding principles:

locality
noncontextuality
unscrambling causation and inference

These two distinguish 
our approach from 
other nonclassical 
realist approaches:

arXiv:2009.03297

-Many worlds
-Consistent histories
-QBism
-etc
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https://arxiv.org/pdf/2009.03297.pdf


Nonclassical
theory of causation

Nonclassical theory 
of inference

Nonclassical 
realist theory

arXiv:2009.03297

193

Classical causal 
models

Classical 
probability theory

Classical 
realist theory

(ontological models)

https://arxiv.org/pdf/2009.03297.pdf


Nonclassical notions of
Causation and Inference

»
Relativistic 

notions of Space 
and Time

PreRelativistic
notions of Space 

and Time

Classical notions of
Causation and Inference

~



The notion of realism we seek to salvage:
Statistical correlations have causal explanations

The problem: Bell and noncontextuality no-go theorems

The idea: 
By allowing nonclassical notions of causation and inference, 

one can provide satisfactory causal explanations while 
salvaging the spirit of locality and noncontextuality

195

arXiv:2009.03297

https://arxiv.org/pdf/2009.03297.pdf


196


