










































































































Gleasonstheoremanditsextensions

algsonfathegregionisformentea wilgilberrtspsepg.ve
andcanbeappliedtoquantumtheorytogivevariousfundamentalinsightsWewillmotivatethe

XIOMATISING QUANTUMTHEORY p H 77L

IT oftenpresentedviapostulatese.g IlipFire Ypy O f Yen
unittrace gappy a foran

orthonormalbasis 4
SOMEPOSTULATES FORQT

iii mmmm
M A discretemeasurementonthesystemcanbedescribedbya sequence T T s t 51 If'di ii.mn
dynamics andcomposition Tj H 771

These postulates arequiteabstractVarious effortshavebeen Ifirearm Jp a selfadjoint
project

madetofindalternativeaxiomsforquantumtheory Gleason's
theoremwas animportantearlystepinthisdirection

Fitting if j k mutuallyorthogonal

i iWhatistheroleof a state in a theory

I
Astateshouldbe aprobabilityassignmenton all thepossible outcomes
of all thepossible measurements

Remark we assume in M thatif two
measurementoutcomes arerepresentedbythesameprojections theyarethesame
ie operationallyindistinguishable

M foreverystatethereexists a probabilitymeasureu onPCH

µ P H OD s t

µTi MTh I
sumbecauseoutcomesdisjoint

X
forall sequences ThTh of mutuallyorthogonalprojections suchthat IT In

GLEASON'STHEOREM
If dimH 33 foreveryprobabilitymeasureM onPCH 7 a density operator p onH

MT TrTip V TePCH

Answeridensityoperatorsly indim 3

remark
anotherwayto express is MIT Mt t M

m

jiffomogeneity

Hamafa
Gleason'stheoremtellsusanycountably

additivefuntionantextadstoa
uniquelinearfunctional onselfadjointoperatorson it

Lateritwasshownthatcountableadditivitycanberelaxedtofiniteadditivity uF MG nTuttle whilstpreservingaliases

Underthe assumption M thereare no additional possiblestatesunderourdefinitiontothose instandardquantumtheory
Thepostulates s and B canbe replacedbyourdefinition of a state












































































































UNLESS dim71 2
Tutgoeswrong
Per Ia ONygren

oneprojections elementsofBlochsphene

Measurements I NXT1,14 74
Eachprojectiononlyappearsinonequality mm

É
Thevaluesofuonnonorthogonalprojectionsarenotrelated

I manymeasures u thathavenolinearextension i e TrTip forsomep
ed uxxx I onthegittern

hemisphereofBlochsphere

to for147117
Sowecan'tentirelyremovethe s and B postulatesdueto twolevelquantumsystems

BEYWINATIBOT
poms Ela EeLUIOEEE Ia

Whenweconsidergeneralisedmeasurementsourpostulate M changes

AM A discretemeasurementonthesystemcanbedescribedbya sequence E E of
effects

on H s t FEj Ineacheffectdescribingadisjointoutcomeofthemeasurement

Usingthesamereasoningas beforewefind

GM for everystate I a generalisedprobabilitymeasureuonEH

µ 74 CoI sÉ
µEi ME t I

t sequences E Ez ofeffectssuchthat IEj In
BUSCH'S GLEASONTYPETHEOREM
ForanyseparableHilbertspaceHand generalisedprobabilitymeasure u H 10,1 7 a densityoperatorp on H st

ME Tr Ep H EeEH
HoldsforallseparableHilbertspaces YAY
so H AM t definitionofastate canreplace H s AM B
Nowweknow if wecanmotivate theformulationofgeneralisedmeasurements statesandtheBornrulefolloweasily

EXTENSION1a
DOWENEEDALLPOVMs
Wenowconsiderfinitedimensional Heed InthiscasePorus E Enwith a finitenumberofoutcomesare knowntobesufficient
i e M H Loi sit ME talent Men I t POVMs Er En ME TrEp HEEEH
Notethat all Ee H appear in finitePOVMs
Furthermore wecanreducetothreeorfewer outcomePOVMs E EzEs
For E Eze H st E EzeLH Kt EsIn E Ez
METMIEN ME3 L
and ME ME t MEN L K POMS E E
MEi E ME Lytle

byinduction





































































IfGgg Iggyfinityndadditigty
so Busch's result shows that finiteadditivity on

effects a linear extension to thefullvectorspaceofselfadjointoperatorsTheanalogue ofthis problemonthereal

flu fly flag for f p R and all x yER
F nonlinear f satisfyingthisequation but theyare very unusual and ruledoutbyminimal extrarequirements
e.g Lesbesguemeasurability continuityat a singlepoint orbeingboundedonanysetofpositivemeasureWelook atthe
connectionwithBusch'stheoremhere VowsWeigert

Wecanalsoreduce to projectivesimulablePOVMs

Eg imagineyou performeither loxol Iixl or texttxt withequal probability
outcome0Iutcomet outcomeoftcome1

probabilityyouseeoutcome0 ITrloop Etrixtle Tr loxoltk.ltllP implemented Eloxolttxt ElixHX11 kTrlimp Etr lXp Tr ElinElXP POUM

Finallywecanreducetoonlyconsideringtwooutcome projectivesimulable Porus andthreeoutcome projective simulablepoursoftheforms

forany ee e H s t etéeElte

EXTENSION2
UNENTANGLEDPROJECTIVEMMTS

Consider a compositeHilbertspace7171,0740 07inWallach showed ifeachHj hasfinitedimensionatleastthreethenGleason'sresultcanbeprovenusingonlyunentangledprojectivemeasurements i.e
TTa Tn

suchthateachT projectsontoasubspaceofHwhichhasabasisofproductvectors wrtthepartitionthohoxoth
Eg anyrankoneprojectionINXxlsuchthatY is a productvector 4 4xoxo Ya or
looool innit notthateventhoughthissubspaceadmits anentangledbasis keloosely it alsoadmitsan
unentanglebasis 1003,1117 sois unentangled

ÉYIENINIONNEMANN ALGEBRAS

Treboundedlinearoperators BCH on a separableHilbertspace H arean exampleof a VNalgebraSpecifically theyareatypeIdfactor where d isthepossiblyinfinitedimensionofHAnyunalgebracanbedecomposedintoadirect integraloffactors Aslong
asnoneofthesefactorsaretypeI Bla theprojectionsoftheUNalgebraadmitaGleasontheorem

EXTENSION4 mmmm
GENERALPROBABILISTICTHEORIES

IfwehadfoundadifferentaptthatdescribednaturecouldwehaveprovedaGleasontypetheorem
RECAP measurements inAPIs

Eansystemaneffectspace E whichis a convexsubsetofarealvectorspaceV andcontainsa specialvectoris theuniteffectPossibleoutcomesofmeasurementsaredescribedbyeffectsEEEAnoutcomethatalwaysoccurs inanystateis
describedbytheuniteffectit

Ameasurement is thedescribedbya sequenceof effects eez suchthat Iteat it
ForeveryeeE eeeE sothetwooutcomemeasurement e ae is inthetheory

ÉIIsjstemhas a statespaces whichis aconvexsubsetoftherealvectorspaceV
Theprobabilityof e whenthesystemis instate is q

AMPLE R

Thelargestpossiblestatespaceallowedbytheaptframeworkifthesystemhaseffectspacee is
I

VJW and S Weigert



KEVOSEDEIKeeEandaa I CAN

Wecannow define a generalised probabilitymeasureanalogously tothe quantum caseas a map µ E LoI st

µe tale t I for any sequence e er ofeffects describig
a mint in thetheory

Wefindthat u e ew forsomevector w intheunrestrictedstatespace

Inquantumtheory everygeneralisedprobabilitymeasurehasa correspondingstatei.e densityoperator IfwesaythataapthasaGleasontype
theoremwheneverygeneralisedprobabilitymeasureontheeffectspaceloteachsysteminthetheoryhasacorrespondingstatethenhavingaGleasontypetheoremis
equivalentto allstatespacesbeingunrestrictedi.egivenby Thisisaweakerrequirementthanthestandardnorestrictionhypothesis

t
effectspaceisaslargeaspossiblegiventhestatespaceaptswitha Gleasontypetheoremcanbecharacterisedasnoisyunrestrictedapts whichrelatestothe
g ger o e ya yaegg

norestrictionhypothesis

OPENQUESTION whichAPTsadmitananalogueofGleason'soriginalresult wheretheprobability measures ontheanalogueofprojectivemintsareallstatesinthetheory

GLEASON'STHEOREM THE KOCHENSPECKERTHEOREM

KStheorem thereisno deterministic noncontextualontologicalmodelforquantumtheory
suchamodel anonticstatewouldneed toselectoneoutcome fromeveryprojectivemeasurement ThTh suchthat if ITisselect
n onemeasurement it isalsoselected inanyothermeasurement itappearsin e.g

loxolaxil1221 th Igylatsocioose
thisoutcomeIfonticstatechoosisthisoutcomeit

chanonticstate canthereforebeidentifiedwith a map aPCH 0is st foranysequenceTTh ofmutallyorthogonalprojections
mPla Xi n forexactlyonetieCTth
followsthat X is aprobabilitymeasure
wever Gleason'stheoremtellsus thatanyprobabilitymeasurecanbewritten as MCT TrTip forsome densityoperatorp Suchapis one onatmostonerankoneprojection so isnotanonticstate


